Chuyéndé9: HE THUC LUGNG TRONG TAM GIAC
TOM TAT GIAO KHOA

I. Cac ky hiéu:
e A,B,C:lacdcgocdinh A, B,C
e a,b,c:1a do daicdc canh ddidién véi cdc dinh A, B, C
e h,, hy, he:1a d0 dai cdc duGng cao ha tir cdc dinh A, B, C
e m, my, m:la dd dai cdc dudng trung tuyén ké tr A, B, C
o 1,1y 1. :1a d6 dai cdc dudng phan gidc trong ké tir A, B, C
e R :1a bdn kinh dudng tron ngoai ti€p tam gidc ABC
e r: 12 ban kinh dudng tron noi ti€p tam gidc ABC

e p= %(a+b+c) : 1a ntta chu vi tam gidc ABC

S : 1a dién tich tam gidc ABC
A

B H D M & C

II. Cac hé thidc lugng trong tam giac vudng :

Trong tam gidc vudng ABC . Goi b, ¢ 1a d6 dai cac hinh chi€u cic canh géc vudng 1én canh huyén ta cé
cac hé thuac:

1. b’=ab & c¢?=ac
2. a’=b%+c?
3. h’=Dbc
1 1 1
4. h_2:b_2+c_2
b=asinB=a.cosC b=ctgB =c.cotgC
5. ah=bc 6. { 7. { g g

c=asinC=a.cosB c =bitgC =Db.cotgB
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II. Cac hé thdc lugng trong tam giac thudong
1. Pinh Iy ham s& COSIN:
Trong tam gidc ABC ta ludn c6 :

a’ =b?+c?—-2bccos A
b? =c¢® +a’ —2cacosB
c?=a’+b*-2abcosC

A

B a

Ghi nhé: Trong mot tam gidc, binh phuong mdi canh biing tdng binh phuong hai canh kia trir di hai

C

1an tich hai canh 4y véi cosin clia géc xen gifta ching.

A

Hé qua: Trong tam gidc ABC ta luon c6 :

2 2 2 2 A2 _ ph2 2 2.2

CosA:b-'_C—a,C()sB:u , Cosczw

2bc 2ac 2ab
2. Pinh 1y ham so SIN:
Trong tam gidc ABC ta c6 :
_a = .b = .C =2R
sinA sinB sinC
Hé qua: VGi moi tam gidc ABC, ta ¢6:
a=2Rsin A, b = 2Rsin B, c=2RsinC
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Ghi nhé:
Trong mot tam gidc, ty sd gifta mot canh clia tam gidc va sin clia géc ddi dién véi canh d6 bing dudng
kinh dudng tron ngoai ti€p tam gidc.
3. Dinh Iy vé dudng trung tuyé&n:
Trong tam gidc ABC ta c6 :

, _b*+c® a’
2 2 4
, a‘+c? b?
m; = -
2 4
,_a’+h® ¢
¢ 2 4

B M a C

4. Pinh 1y vé dién tich tam gidc:

Dién tich tam gidc ABC dugc tinh theo cdc cong thitc sau:

S :%aha =%bhb :%chc

=

2. S :labsin A:Eacsin B =lbcsin A
2 2 2

3. s:a_bc
4R
4, S=pr

5. S=4p(p-a)(p-b)(p-c)
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5. Pinh 1y vé dudng phan gidc:

2bc.cosé 2ac.cosE 2ab cos9
a b+c " a+c ¢ a+b

, » 2
CAC DANG TOAN CO BAN

Dang 1: CHUNG MINH PANG THUC LUGNG GIAC TRONG TAM GIAC

Pé€ chitng minh déng thitc lugng gidc A=B ta c6 thé thuc hién theo mdt trong cdc phuong phap sau

Phuong phap 1: Bi€n ddi v€ nay thanh vé€ kia

Phuong phap 2: Xuit phdt tif mdt mot hé thic ding da bi€t dé suy ra ding thitc cAn chitng minh

VI DU MINH HOA:

Vi du 1: Cho tam gidc ABC. Chitng minh cdc ding thitc sau:

a) sinA +sinB+sinC = 4.cos%.cos§.cos%

b) sin® A +sin” B+sin®> C=2+2cos A.cos B.cosC
Vi du 2: Cho tam gidc ABC. Chting minh cdc ding thic sau:
a) tgA +tgB+tgC = tgA.tgB.tgC (A ABC khong vudng)

b) t ét E+t Et E+t gt é—1
gty Ty ey TR e

Dang 2: CHUNG MINH BAT PANG THUC LUQNG GIAC TRONG TAM GIAC

I. Bat ding thifc trong tam gidc :

Néu a, b, ¢ 1a ba canh clia mot tam gidc thi:
e a>0,b>0,c>0
° |b —cl<a<b+c

° |c—a|<b<c+a

° |a—b|<c<a+b

e a>b>c=A>B>C

IL. Céc bat ding thdc cd ban :
1. Bit ding thic Cauchy:
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Cho hai s6 khong 4m a; b ta ¢6 : a ; b > ab

Dau "=" x4y ra khi va chi khi a=b

Té'ng quat :

Cho n s6 khong 4m ay,a;,...a, ta c6 :

Dau "=" x4y ra khi va chi khi a;=a,=...= a,

2 . B4t ding thic Bunhiacopski :
Cho bén sé6 thuc a,b,x,y ta c6 :

(ax+by)’ <(a’ +b*)(x* +y°)
Dau "=" xay ra khi va chi khi ay = bx
Tong quat :

Cho hai b0 s0 (a,,a,,...a,) va (b,,b,,...,b,) ta co :

(ab, +a,b, +...+ab ) <(a’+a’+..+a’ )b’ +b’+..+b°)

. . e L ...a a
Dau "=" xay ra khi va chikhi Lt=-—2=.. =2

a 2y P Y ~ X B N 9 ~ B
P . vdi quy udc rang néu mau bang 0 thi tu cling bang
1 2 n

3) Bat ding thiic cd ban:

. 1 1
a) Cho hai s6 duong x, y ta ludn c6: <—(—+-)
X+y Xy
Dau "=" x4y ra khi va chi khix =y
b) Vi moi sd thuc x, y ta ludn c6: X% +y%>2xy

DAu "=" x4y ra khi vd chikhix =y
IIL B4t dang thitc JENSEN :
1) N&u ham s8 y=f(x) c6 dao ham cAp hai f'(x) <0 Vx € (a;b) (f1a ham 15i) thi
Véimoi X;,X,,..., X, € (a;b) ta co:

f(x1)+f(x2)+...+f(xn)< f(x1+x2+...xn) (n>2)
n
Dau "=" xdy ra khi va chi khi X, = X, =...= X,

2) Né&u ham s y=f(x) c6 dao ham cap hai f'(x) >0 Vx € (a;b) (f 12 hAm 16m) thi
Véimoi X;,X,,..., X, € (a;b) ta co:
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f(x1)+f(x2)+...+f(xn)> f(x1+x2+...xn) (n=2)
n
D4u "=" xay ra khi va chi khi X, =X, =...= X,

P& chitng minh dﬁng thirc lugng giac A <B (>,<,>) ta c6 thé thyc hién theo mét trong ciac phuong
phap sau:

Phuong phép 1: Bi€n ddi bat ddng thitc cAn chitng minh d€n d&€n mdt bt ding thic hién nhién diing
Phuong phép 2: St dung cdc bt ding thiic cd ban di bi&t (Co si, BCS,...) d€ suy ra bat ding thiic cin
chirng minh

Vi DU MINH HOA:

Vi du 1: Cho tam gidc ABC. Ching minh rdng: sin %.sin g.sin% < %
Vi du 2: Cho tam gidc ABC. Chitng minh riing:
C 3\/_

A B
a) COS—+C0S—+C0S— < ——
2 2 2

3J§

b) sin A+sinB+sinC ST

A B C
) tg—-+tg—+tg—=+/3
) g7 +1g-+1g— >3
Vi du 3: Cho tam gidc ABC. Chli'ng minh ring:

a) cosé CoS—. cos9<i
2 2 2 8
b) tgA+th +1gC > 343

c 1
c)t—t—t—<
g-19-1 3\/—

Dang 3: NHAN DANG TAM GIAC

KIEEU PE TOAN 1:
la tam gidc vudng

la tam gidc vudng can

Cho tam giac ABC théa man R L
o ) = AABC<la tam gidccan
"DPiéu kién cho trudc" THI . N
la tam gidc déu
la tam gidc c6 gbc ddc biét....
KIEU DE TOAN 2:
la tam gidc vudng
. . la tam gidc vudng can
Cho tam gidc ABC thoa man . L
X . = AABC4la tam gidccan
"DPiéu kién cho trugc" CANVA PU _ o
la tam gidc déu
la tam gidc c6 géc ddc biét....
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"Piéu kién cho truc" c¢6 thé 1a:
e Ding thifc lugng gidc vé géc
e Ding thiic lugng gidc + dd dai (canh, trung tuyén, phin gidc,...)
e Ding thitc d6 dai
e Hé ding thic
1) Nhan dang tam giac vuong
Phuong phdp: St dung cic phép bién ddi tuong duong hoic hé qua d€ bién ddi "Piéu kién cho
trudc" dén mot ddng thiic ma tir 6 ta dé dang két ludn dugc tinh chat clia tam gidc
2) Nhan dang tam gidc cin
Phudng phap: St dung cic phép bién ddi twong dudng hoic hé qui dé bi€n ddi "Piéu kién cho
trudc" dén mot ddng thic ma tir d6 ta dé dang két ludn dugc tinh chat clia tam gidc
3) Nhan dang tam giac déu
Ngoai phuong phdp da néu trén ta c6 thé gidi quyét bai toan theo cach sau
Phuong phap sit dung bét ding thitc: Gdm 2 bude (4p dung khi "Piéu kién cho tru6c" c6 dang
ding thic A =B
Budc 1: CM bAt dezlng thic A>B hodc A<B (1)
Buéc 2: Lap luin dé€ ding thitc & (1) xay ra ma khi ddng thitc (1) x3y ra thi tam gidc ABC déu
VI DU MINH HQA:
Vidu 1: Tam gidc ABC ¢6 M =tgA. Chitng minh ring A ABC vudng
sin B +cos A
Vi du 2: Chitng minh ring néu AABC thdéa man diéu kién cos2A+cos2B +c0s2C +1=0 thi tam
gidc d6 1a tam gidc vudng

Vi du 3: Chitng minh ring né€u tam gidc ABC thod man mot trong cdc di€u kién sau 1a tam gidc can
sin A+sinB+sinC A C

- - —— =cotg—.cotg—

sin A +sinB—-sinC 2 2

Vi du 4: Chi'ng minh riing néu tam gidc ABC thod man mdt trong cdc diéu kién sau 12 tam gidc déu

1) tgA+tgB= 2.c0tg%

A B
1 coS— cos— cos—
1) cosA.cosB.cosC=— 2) 2, 2_, 2 =x/§
8 l1+cosA 1+cosB 1+cosC
3) cosA+cosB+cosC=siné+sinE+sing 4) I + ! + ! = ! + ! + I
2 2 2 cosA cosB cosC A B C

sin— sin— sin—
2 2
Vi du 5: Xdc dinh dang cia tam gidc ABC biét:
I) a+b= tg%(a.tgA + b.tgB)

b C a
2) + =— ;
cosB cosC sinB.sinC
3) cosB+cosC:bJrC
a

a.cosA+b.cosB+c.cosC 1
a+b+c
Vi du 6: Hiy tinh cdc géc clia tam gidc ABC néu trong tam gidc do ta ¢6 :

4)

N |

sin? A+sin2B+sin2C:%+3cosC+coszc
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Vi du 7: Tinh cdc géc clia tam gidc ABC biét ring

4p(p—-a)<bc
sinésinEsinE: 243-3
2 2 2 8
trong d6 BC =a, AB =c, p:aH_;H_C
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