LUYEN THI P4l HOC MON TOAN - Thiy Hung Chuyeén?é Hinh hgc khéng gian

Tai liéu tham kko:

01. GOC GIUA HAI PUONG THANG

Thay Pang Viét Hung

I. TICH VO HUONG CUA HAI VEC TO TRONG KHONG GIAN
1) Goc gira hai véc tr

., , TZU = o\ — — ) o
Giasrtacod . 0 m(u;v)z(Aa qu BAC, v6i 0° < BAC<18C .
AC=v
2) Tich vd hréng cia hai véc tr
KB.Z_L.J .- — —_—] | —— e —
Giasrtacéd . OO uv= AR AC=‘ AIH A¢cos( AB Agc
AC=v
Nhin xét:
Ta=o_ .
+Khi|_ _OGuv=0
v=0

+Khiutt vO @(l?v)zd’
+Khiutl vO D»@=l8(f

+KhiuOveO- uv=0

Vi du 1. Cho tir dién déu ABCD canh a.
' a) Tinh géc gira hai véc b (ﬁ; ﬁ)

b) Gei | 1a trung diém ciia AB. Tinh géc gira hai véc tr (ET; A_(f)

Huwéng din gidi:
a) Sir dung cong tlic tinh goc gira hai vécd taduoc A
_ AB.BC _ AB BC_ “AB‘E?C(])
‘KEHEq ABBC & '

Xét AB. BC= AB( BA- AG= ABBA ABA I

co ﬁ)

AB.BA= AB BAcos(—AEWB)Xz aacosl8o=- %

Ma s ,
—— ——— a
AB.AC= AB ACcos( AR A¢= aacose}bz7 . .
2 2
00 AB BC=-d+2>2 =-2
7
a2
— ——j __?__1 — C
(1) = codAB;BC)= —£-=->0 0 (AB; BQ = 126

Vay (K‘B; EE) =120,
_ CILAC _CLAC
‘aHA—C‘ CI.AC

b) Taco cos(?f;?(:)

Ta dién ABCDdéu aanh a, Cl 1a trung tugn cia tam gidaiéu ABCnénCl :a_23 0 O- cos(a ;Ké) =

CI.AC
az\/é ’(3
2

Ta céa.ﬂézﬁ.(ﬂ+ﬁ) =Ci. Ai+ Ci.IC
Do AABCdéu nénCl O Al = CI. Al =0.
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Péng thoi, CIIC =Cl.IC.coq CI 1(:)_i""—*/5 18b=—ﬁm 0.CI AC= e%_—ﬁ

4
Thay vao (2) tatugc (2) = cos(a ;ﬁ:) = 2j/1§ =_§ 0L (a ;ﬁ;) - 158
a
2

Vay (Ci; AC) =150

Vi du 2. Cho hinh ch6pS.ABCc6SA, SB, SGI6i mdt vubng goc vaSA=SB=SC=a. Goi M |a trung diém ciaa
. AB.

@) Biéu dién cac véc & SM va BC theo cac vécd SA SB SC

b) Tinh g6c (?M‘Bjc)

, ’ , Huwdng din giai:
a) Sir dung quy &c trung tugn va quy ic tnr hai véc ¢ ta 5
— 1/ —
SA+ SB=2 SM SM=—(SA+ s¢
duoc N 2
BC=BS+ SC BC=Sc- SB a
b) COS(SM BC) SM. BC _ SM BC'(:D
‘SM‘ ‘BC SM.BC
SASB=0 A C
Ma SA, SB, S@b6i mot vudng géc nén SASC=0
. M
SBSC=0
Tam giacSABva SBCvudng ti Snén thealinh ly Pitago ta B
BC=a/2
dwoc AB=BC= a/20 -
sm=2 ap= 22
2 2
2
Theo cau asM.Bc=1( sw Sk se E)BE SASC SASE. SBSC sBsg =<b
SM.BC_ o

Thay vao (1) tatwoc cos(’Sﬁ) = = —% 0 - (§M —ETC) =120F.

SM.BC

a2 .1
2

II. GOC GIUA HAI PUONG THANG

1) Khai niém véc o chi phwong cia dwong thing

Mot véc t uz 0 ma co plrong song song He triing \6i d duoc goi 1a véc t chi phrong aiadudng thing d.

2) Goc gira hai dwdng thing

= Khai niém:

Goc gita haiduong thing a va b la goc ga haiduong thing &; b’ 1an lugt song song i a; b. Ki héu (a;b).

/d —

00 (a;b)=(4d;b)

Tir dinh ngha ta c6 s d6 2
b//b

= Nhdn xét:

+ Gia s a, b ¢6 vécd chi phrong tronging 1a u; v va (G;T/) =¢.
@ b)=¢ ; 0°<@<ol

chi as, | 207 ?
(a;h)=180-¢ ; 90°<¢<180C°

+Néu a// b hgc a=s b thi(a;b)= 0.
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= Cac xaadinh goc gira haidirong thing:

Phwong an 1 .
(st dung dinh nghia) Phwong an 2
a’ // a X — A ~ 3 z < R
Tao ra caciuong {b’// bD [N (a, b) = ( a ,b) - Lay mot diem O kit ki thuse a
-Qua O, gngdusngA // b 0 - (a,b) = (an)

wChay: )
Céc phrong phap tinh toan géc @& hai dirong thing:

= Néu goc thiée tam giac vudng thi dung cac congdhinh toan trong tam gidc vudng: sin, cosin, tan,
» Néu goc thiéc tam giac thong thi sr dungdinh Iy ham 8 cosin trong tam gia8BC:
b? +¢* - &

2bc

a’=b?+ c?-2bccos AL [ cosA=

Vidu 1. Cho hinh ch6pS.ABCDc6day ABCD la hinh chir nhat, cac tam giacSAB, SAD, SAda cac tam giac
vuong tai A. Biét SA=aJ/3; AB= g AD=3a Tinh géc gira cacdwong thing sau:
a) SDVABC.

b) SBva CD.
c) SCvaBD.

Huwdéng din gidgi:

a) Tinh gbc gira SD va BC

bé xacdinh goc gira haiduong thing SD va BC taisdung
phueong &n 2, timtudng thing song songdi mot trong hai
duong thing SD, BC va song songivmot duong con 4i.
Ta & nhan thiy AD // BC.

—

SDA
180° - SDA

SA 3

Xét ASAD: tan SDA= E——D 1. SDA= 30

Khi d6 (ﬁ):(/gﬁ):[

Vay (SD;BC)= 30
b) Tinh gbc gira SB va CD

SBA

Tuwong tr, CD//AB [ O+ (SB;CD) = ( SB; AB) = .
180° - SBA

Xét ASAB: tan§B\A=% =30 0. SDA= 60

Viy (SB;CD)= 60.
¢) Tinh goc gira SC va BD ]
Goi O la tdm @a hinh clr nhat ABCD, | 1a trungdiém cia SA.

IOB

TrongASAC c601//SCO [ (SC;BD = (O BD) = _
180 - [OB

= Ap dungdinh ly Pitago cho tam giac vuéng ABB =+/IA? +AB % =

(a_fﬂ i :i7
2

= ABCD la hinh ck nhit nénBD =+ AB? +AD? =+a?+9a® = a/100 [I. OB: = Op

a/10 _
2

2 2
= Ap dungdinh ly Pitago cho tam giac vuéng AB@D =+/IA? +AO? :\/[ a\z/é} +[ a\/TOJ = al L

2 2

Tham gia kh6a TOAN 2014¢ dgt 9 diém Toan! WWW.Mmoon.vn




LUYEN THI P4l HOC MON TOAN - Thiy Hung Chuyeén?é Hinh hgc khéng gian

134 108 _ 74
o 2 2 _ 2 I
Khi d6, theadinh Iy ham é cosin cha\OB taduoc: cos|OB= OF+oB 18" __4 4 4.8
2.01.0B 5 a/13 a/10  13(
2 2

0 0 IOB =arcco =( SC;B
{\/130J ( D

Vay (SC;BD) = arccoE

)

Vi du 2. Cho tir dién ABCD, goi M, N la trung diém ciaa BC, AD. Biét AB =CD=2a, MN = a/3. Tinh géc gita
hai dwong thang AB va CD.

Hudng din qidi:

Do AB va CD la cacanh aia tir Qién nén ching chéo nhau,
de xacdinh géc gita haiduong thing AB va CD tado cac
duong thing trong ttnhg song songdai AB, CD va ching &t
nhau.

Goi P la trungdiém cia AC, khidé MP // AB, NP // CD

o —

— ,—— |MPN

0 - (AB,CD) =(MP,NP) = _
18¢° - MPN

Do MP, NP la cédu’c‘wr]g trung binh nénta c6 MP = NP = a.

Ap dungdinh Iy ham & cosin trongAMPN tadugc

MP?+ NP’ - MN? _ 2a°- 38 _ 1
2MPNP  2aa

0 0. MPN=120 - (MP,NP= 60

Vay (AB,CD)=60.

Nhdn xét: R

Ngoai vic khoi tao P nhr trén ta éng c6 tie lay diem P la
trungdiém cia BD, cach dii khi d6 cing trong tu.

COSWN:

Vi du 3. Cho hinh ch6pS.ABCDc6 day la hinh thang vuéng i A vaD, AD =DC =a, AB = 2a. SAvubng géc i

AB va AD, sm%. Tinh goc dia 2 dwong thiang
a) DCvaSB.
b) SDvaBC.

Huwdéng din gidi:
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a) Do DC//ABO - (DC,SB =( AB,SB =«

2a/3
. R A s 2 o _SA_ 3 _+3 _
Tam giac SAB vuongt A néna la goc nipn, khidd tana 2B 2a 3 0 a=30
a

Vay goc gira haiduong thing DC va SB bng 30.

b) Goi | 1a trungdiém caa AB, khid6 Al = a. Tir giac ADCI 1a hinh binh hanh (do Al // DC), c6 AIAD = a nén la
hinh thoi. Lai c6 goc A, D vudng nén ADCI 1a hinh vudngnt a 0 - DI =a+/2.

mat khac, tr giac BIDC la hinh binh hanh (daégcanh DC va Bl song song vaihg nhau) nén BC // DI.

Khi d6, (SD,BC) =('SD,D) =B

Tam giac SAI vudngai A nén SI? = SA? + Al =(

2af3}2 R
3

3

SD?+ DI*-SI? _ 28 _ 3
2SD.DI
::1321@\/—2 J 42

Tam gidc SAD vudngat A nén SD? = SA? + AD? :[

3

Ap dungdinh Iy ham é cosin trong tam giac SDI taroc cosSDI=

2.

Do cosSDI> C nén go6csSDIla géc nlon O - B =SDI= arcco{ij

a2

BAI TAP LUYEN TAP:
@ Cho tr dién déu ABCDcanha, goi | 1a trungdiém canh AD. Tinh géc gira haiduong thing AB vaCl.

b/s: (AB;Cl) = arcco{%}

® Cho fr dien ABCD. Goi M, N, Plan luot 1a trungdiém caaBC, ADVAAC. Biét AB=2a, CD=2a/2, MN= a/5
Tinh goc gira haiduong thing AB va CD.

© Cho hinh ch6S.ABCc6 SA= SB= SC= AB = AC = ava BC= a/2. Tinh géc gira (Sﬁf@ , tir d6 suy ra goc
gitaSCvaAB.

III. HAI BPUONG THANG VUONG GOC

Hai duong thing a, b duoc goi 14 vubng géc i nhau réu (a;/F) =90° -~ a0 h
w.ChU ¥
Cac phrong phép cking minh a//b:

= Ching minh(al;/\b) =90
* Chirng minh hai véca chi phuong aia haidudng thing vudéng géc & nhau, u.v = 0.
= Ching minh haiduong thing c6 quan &itheodinh Iy Pitago, trung tudn tam giac cangéu...

Vi du 1. Cho ti dign ABCD trong d6 AB =AC =AD =a, BAC =60°, BAD =60°, CAD = 90°. Ggi | va J 1in luwgt
la trung diém ciia AB va CD.

a) Chirng minh rang IJ vudng goc i ca hai dwong AB va CD.

b) Tinh dé dai IJ.

Hudng din qidi:
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a) Tur gia thiét ta & dang suy ra tam giac ABC, AB@u,
AACD vubng candi A.

Tird6 BC=BD=a,CD= a/ 20 - ABCD vudng candi B.
# Chizng minh 1J vubng gocv AB

Do cAcAACD, ABCD vubdng candi A, B nén

Al =£CD

1 U0 AJ=BJ- 13O AB.
BJ==-CD
2

# Chizng minh 1J vudng goécv CD
Do c4cAACD, ABCD déu nén CI = DIO - 13 0CD.
b) Ap dungdinh ly Pitago cha@AIJ vudng i | ta duoc

a_'\/_sz—é =

IJ=vAF - AlI* = (
2

Vay 1J = a/2.

Vi du 2. Cho hinh chép tam giac S.ABC c6 SA = SB = SC VASB = BSC= CSA.
Chirng minh ring SAOBC, SBOAC, SCO AB.

Huwdéng din gidi:

= Chirng minh: SAC BC.

Xét SABC= SA(SC- Sh= SASE SAS
SASC= SA.sc.cc(s—SATs)c

Ma | SASB= SASB.cdS SASR 1. SASC= SASB- SASC SASE O SABE 0 SA I
SA=SB=SC

ASB=BSC= CSA
Chirng minh trong tr ta ding dugc SBO AC, SCO AB

Vi du 3. Cho tir dién déu ABCD, canh bang a. Goi O la tam dwong tron ngoai ti ép ABCD.
a) Chirng minh AO vubng géc i CD.

b) Gei M la trung diém ciia CD. Tinh géc gira

= BCvaAM.

= ACvaBM.

Hudng din qidi:

a) S dung phrong phap dung tich vauling

Goi M la trungdiém cia CD. Ta co A
AG.CD= (1AM +MOG ).CD = AM.CD + MO.CD

Do ABCD la tr di¢n déu nén AMO CD va O la tanday (hay
O la giaodiem aia baduong cao). Khido

{AM OCcD {A—M.cﬁ =0

L.

-4 77 TO00O-AOCD=0- AOD CD.
MO OCD MO.CD=0

b) Xacdinh gbc gira BC va AM; AC va BM

= Xacdinh goc gira BC va AM:

Goi | 1a trungdiém cia BDO — MI // BC. p&razzmm-n-n--- sre- D

— [A/IW

m—————

-4
&

O -

Tird6 (BC;AM) = (MI;AM ) = .
180~ AMI

Ap dungdinh Iy ham é cosin trongA\AMI ta duoc

- 2 2_pp 2 C
cosAM| = AMZFMIZZALE F gy
2 AMMI

a/3

CacAABD, AACD déu, cé anh a nénAl =AM ==
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Ml la duong trung binh nén Ml = a/2.

a’ 3 3&
e el ] (8- ot
T do (1) = cosAMI= = 0O s AMI =arccos — | = ( BC;AM) = arccos——
g aals a3 T 7
2 2

# Xacdinh géc gira BC va AM:
Goi J la trungdiém cia AD O — MJ // AC.

(V3 BV) = {BMJ

Khi d6 (AC;BM) -
180~ BMJ

ax/?a

Cac tam giac ABD, BCD la cac tam gid&u canh a, nén céac trung téry tronging BJ= BM = —=

Do d6, AAIM =ABIJM O [, AMI =BMJ =arcco{i

2\/33) '

; 3 1
Vay (AC;BM) =arccos —
iy (AC:BM) {2 @j

Vi du 4. Cho hinh lap phuwong ABCD.A'B'C'D’ canh a. Pit AB =a,AD =b,AA’ =c.
a) Tinh géc gira cacdwong thiang: (m) (m) (m)

b) Gei O 1a tam cia hinh vuéng ABCD va | 1a mét diém sao choOl =OA +OA’ +OB +OB ' +

+OC+0C +0D +0D'. Tinh khoang céch tr O dén | theo a.

¢) Phan tich hai véc# AC’, BD theo ba véc & a, b, c.Tir d6, ching té ring AC' va BD vudng gdc wi nhau.
d) Trén canh DC va BB lay hai diém twong wng M, N sao cho DM = BN = x (i 0 < x < a).

Chwng minh rang AC' vuéng goc wi MN.

Hudng din qidi:

Nhdn xét:

Dé lam ©t cac bai toan lién quatén hinh hp phrong ta &n nhy mot s tinh cHit co ban aia hinh &p phrong:

= Tét ci cAcduong chéay cac ngt cia hinh &p phrong déu hing nhau va ing a/2 (néu hinh Bp phrong anh a).
= Cécdoan thang o bai cac kich tixgec caa hinh ép phrong luén vuéng goécdi nhau (dai, §ng, cao).

Al B’
N e W " o 7
a) Tinh goc gira: (AB,B'C'), (AC,B'C') (AC'BC) | ,
_ i ! -
= Tinh (AB,B'C)): D’ - — 7 c
_ - —L I r .
Do B'C/BCO - (AB,B C) =( AB,BC) = 90 N P 1N
L] I": ,
= Tinh (AC,B'C): | Ao
— E ,'-" 'y : ’r" 5
Do B'C//BCO - (AC,BC)=( AC,BQ = ACB A - ‘f’?‘*:::::'“{:‘?"""'_','_' S
180° - ACB b -7 Tl
D M C

ABCD la hinh vudng néAABC la tam giac vubng canitB 0 - ACB=45 - (Ké—ﬁ) =45
= Tinh (A'C',B'C):

——— ——— | ACB'
Do A'C'//ACO O- (A'C',BC)=(AC,BQ) = A
180 - ACB

Xét trong tam giac ACBcd AC = BC = AB' (dodéu 1a caaduong chéay cac nit hinh vuéng @a hinh fip phrong).
Do d6 AACB' déu 0 . ACB'=60° ~ (A'C,BC)= 60
b) Tinh d9 dai Ol theo a.
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Tl [0 OA+0OC+ OB+ OD= 0

A . . OA+0C=0
V¢i O la tdm da hinh vuong ABCD th o
OB+0D=0

Khi @6 Ol =OA' +OB + OC + OD
OA' +OC = 200 .
__ ___  _ _[bOm»-ol=400
OB + 0D =200
Khoang cachi O dén | chinh 1ad6 dai véc & O, tir d6 tadugc Ol = 400 = 4a.
c) Phan tich hai véc# AC’, BD theo ba véc ¢ a, b, c.
ab=0
Theo tinh cht caa hinh &ip phrong ta & dang cé{a.c= 0
bc=0

Goi O' 1a tam @iaday A'B'C'D’, theo quyic trung tugn ta cé{

= Phan tich

\BD=BA+AD =b -a

= Chirng minh AC vuéng goc i BD.

xét ACBD=(a+b+q(b-9=ab b+ ch a_ah ca b = AD AB -0 AC.BD 'AC DI
0 0 0 0

<E=ﬁ+ﬁ:+ﬁ=é+ﬁbﬁc

d) Chieng minh riang AC' vuéng goc i MN.
MN =MC +CB+BN

Ta co phén tich -
AC'=AB+BC+CC

) 0. WNAC =(MC +CB + BN) (B + BC+ CC) =| MEAB+ MCBG+ MECE | +| CBAB- CBBo- CB0G+
0 0 0 0
+[W.ﬁ+m.ﬁ:+m.&jzﬁcﬁs+ﬁs€c+?Nﬁz
0 0

MC.AB =MC.AB.cos® =(a X a
Ma( CB.BC= CBBCcosl80=- 2 00O- MNAG( a xa’a ax €0 MN A
BN.CC = BN.CC .cosb= ax

BAI TAP TU LUYEN

Bai 1: Cho hinh chéis.ABCDc6 ABCD la hinh cli nhat véi AB= g AD= a/3,SA=2ava vubng goc & day. Tinh
goc gita caaduong thing sau:

a) SBvaCD b) SDhvaBC

c) SBvaAC d) SCvaBD

Bai 2: Cho hinh ch6B.ABCDc6 day ABCD la hinh vudng anh 2a, hinh chéu vudng géc a S xubng mit day 1a
trungdiém H caa AB, biét SH = a/3. Goi | la trungdiém cia SD. Tinh goc gia cacduong thing:

a) SCvaAB b) SDvaBC

c) ClvaAB d) BDvacCl

Bai 3: Cho hinh ch6B.ABCDc6 day ABCD la hinh thang vudngit A, Bvoi AB = 3a, AD = 23, DC = a. Hinh chéu
vubng goc aa Sxudng mit phang (ABCD) la H thusc AB v6i AH = 2HB, biét SH= 2a. Tinh géc dira

a) SBvaCD

b) SBvaAC
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