S
I }ﬁ«/{«é
7 N P e e

TOM TAT KIEN THUC VA
- CONG THUC
1 GIAI NHANH TOAN 12

SUU TAM & BIEN SOAN: oANSH Pocf

GOOD LUCK TO YOU

IVl
=

L X i X K I K K X X i ' X ;X N ¢ B X B B N N N N R N X I B N J )
e RS U S
. =S = e RS = S5 D Tye 2 = -~ N ..
= e
L x . fr X5 5 X K X K I X 1 X X ¢ X X B X N ¢ N N N N N § N B J} ) 4




MUC LUC

’ Trang
CHUONG L HAM SO oottt eeee et ae e e e e eteeeenaeeessneneeeenaneenans 1
(@13 1010 \(C R 1 E.Y/ 16 10 T TR 21
CHUONG I TICH PHAN .....cootiiiiiriieesiceese s 27
CHUGNG IV: SO PHUTC ..ottt ettt ee et seeee e en e, 45
CHUONG V: KHOI DA DIEN . ..ooiiieeeieeeeeeeeeeeeee ettt eeeeetatae st 47
CHUONG VI: HINH KG TOA DO OXYZ .o oeeeeeeeeeeeeeeeeeeeeeeeeeeen e, 78
CHUGNG VII: GOC VA KHOANG CACH ...ovoeeeeeeeeeeeeeeeeeeeeeeeeeen, 101

BO SUNG: UNG DUNG PHUONG PHAP TOA PO PE GIAI CAC BAI
TOAN HINH HOC KHONG GIAN ..o, 111



TOM TAT LY THUYET VA GIAI NHANH TOAN 12

Nguyén Chién - Nguyén Héng Quan

PHAN 1. HAM SO
SUDONG BIEN NGHICH BIEN CUA HAM SO
1. Pinh nghia
Vz,,x, € K,z <z,(K la khodng hodc doan hodc niia khoang).

mh‘gﬂﬁu Chién

f( )< f( ) —y= f(x)déng bién trén K d6 thi di 1én tit trai sang phai.

I(z)>

Chu y: + Néu f

T

+ Néu f( ) dong bién trén khoang (a;b) = f'(x) >0, Vz € (a;b).
+ Néu f(:z:) nghich bién trén khoang (a;b) = f'(a:) <0,Vz e (a;b).

2. Quy tic va cong thiic tinh dao ham
Quy tac tinh dao ham: Cho u = u(a:), v= v(x); C :lahang s6 .

Téng, hiéu: (u + v) =u' £

Tich: (u.v)’ =uv+vu :>(C.u), =Cu'.
uwo—va

ThlI’O’Hg (uj 5 (U +* 0) = [gj — _CZIJ
v v U

Pao ham ham hgp: Néu y = f(u), U= u(x) =3

Bang cong thiic tinh dao ham:

(xQ) —y= f( )nghich bién trén K d6 thi di xuéng ti trai sang phai.
(x) >0, Vz e (a b)= hamsd f(z) déng bién trén khodng (a;b).

+Néu f'(x)<0, vxe(a;b)= hamsé f(z) nghich bién trén khoang (a;b).
f'(z)=0, Vz € (a;b) = ham s8 f(z) khéng d8i trén khoang (ab).

Dao ham ctia ham so cap DPao ham ctia ham hgp

(€) =0 (Clahingso). () = e
(
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tanx) = 5 tanu) = 5
cos’ x cos” u

i 1 ' u’
cot:z) =—— cotu) =——
sin” x sin” u

' 1 ' '
) } xlna (10g“ u‘) - u.qllna

Cong thire tinh nhanh dao ham ham phéan thiie:

a b |, a c b c

ax+b’_ ad —be ax2+ba:+c’_d 6x+2d fx+e f

[Cx+dj_(cx+d)2. ’ (dz2+e$+f}_ (dgcQ+eyc+f)2 .
Dao hamcap 2 :

+ Dinh ngha: f"(x)=]f (x)]
+ Y nghia co hoc: Gia t6c tiic thoi cia chuyén dong s = f (t) tai thoi diém t,la:
a(t,) = 1"(t,)-
* Mot s6 chi y:

e Néu ham sd f(x) va g (a:) cing dong bién (nghich bién) trén K thi ham sé
/(w)+9(z)
ciing déng bién (nghich bién) trén K. Tinh chit nay c6 thé khong ding d6i véi hiéu

/(2)=9(=)-

e Néuhamsdf (:U) va g (x) 14 cac ham s6 duong va cung déng bién (nghich bién) trén

K thi ham sé f (I) g (m) ciing d6ng bién (nghich bién) trén K. Tinh ch4t nay c6 thé
khong ding khi cac ham sé f(x) . g (x) khong 1a cac ham s duong trén K.
e Chohamsé u= u(m), x4c dinh véi 7 € (a;b) va u(x) € (c;d). Ham s6 f[u(x)]

ciing xac dinh v61 z € (a;b).

Quy tic xét tinh don diéu ctia ham sé.
Gia st ham s6 f c6 dao ham trén K

+ Néu f'(m) >0 v6imoi z € K va f'(m) =0 chi tai mot s8 hitu han diém x €K thi
ham s6 f doéngbién trén K .
+ Néu f'(:z:) <0 v6imoi z € K va f'(:z:) =0 chi tai mét s6 hitu han diém z € K

thi ham sé f nghich bién trén K .

Nguyén Chién - Hong Quan: 0973.514.674
Page | 2



Chu y:

o g o ar +b d < C
* P61 v6i ham phén thic htu t1 y = y [m # ——j thi ddu " =" khi xét d&du dao
cx + c

ham 3’ khong xay ra.

Gia su y:f(:z:)=ax3+bx2+cx+d:>f'(a:)=3am2+2bx+c.

Ham s6 dong bién trén R Ham s6 nghich bién trén R
(a>0 (a<0
{ASO {ASO
@f’(z)ZO;Vxe]R@ a=0 . @f’(x)SO;‘v’xeR@ a=0
b=0 b=0
c>0 c<0

Trudng hop 2 thi hé s6 ¢ khac 0 vikhi a=b=c = Othif(x) =d

(Pudng thing song song hodc tring véi truc Ox thi khong don diéu)

* V6i dang toan tim tham s6 m dé ham sé bac ba don diéu mot chiéu trén khoang cé do
dai bang | ta giai nhu sau:
+Buéc 1: Tinh ¢ = f’(a:;m) =ax’ + bz +c.

+Budc 2: Ham s6 don diéu trén (:cl;a:Q) < ' =0 c6 2 nghiém phan biét
A>0
P *
{a =0 ( )
+Buéc 3: Ham s6 don diéu trén khoang cé do dai bang [

<:>‘:vl —xQ‘ :l<:>(:1c1 erQ)2 —4rz, =’ 5§ -4P=P (* *)

+Budc 4: Giai (*) va glao vii (* *) dé suy ra gia tri m can tim.

CUC TRI HAM SO

1. Pinh nghia
Gia st ham s6 f xac dinh tréntap Kva z, € K.

+ x, la diém cuc tiéu cia ham s6 f néu ton tai mot khoang (a;b) chtia z, sao cho
(a;b) c Kva f(a:) > f(xo),‘v’x € (a;b) \ {xo} :
Khi dé f(x,) dugc goi la gi tri ey tiéu ctia ham s5f .

+7, 1a diém cuc dai cia ham s6 f néu tén tai mot khoang (a;b) chtta 7, sao cho
(a;b) c Kva f(x) < f(:ro),‘v’x € (a;b) \ {xo} .
Khi dé f(xo) dugc goi 1a gia tri cuc dai cia ham s6 f .

+ Diém cuc dai va diém cuc tiéu goi chung 1a diém cuc tri.

+ Gi4 tri cuc dai va gia tri cuc tiéu goi chung 1 cuc tri.

+ Piém cuc dai va diém cuc tiéu dugde goi chung 1a diém cuc tri cia ham s6'va diém

cuc tri phai la mot diém trong tap hop K.
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+ Gia tri cyc dai va gia tri cuc tiéu dude goi chung 1a gia tri cuc tri (hay cuc tri)
cua ham sé.
+ Néu x, la diém cuc tri ciia ham s& thi diém (xo; f(xo)) dudc goi 1a diém cuc tri
ctiia do thi hams6 f.
2. Piéu kién can dé ham s6 dat cuc tri
Dinh Ii 1: Gid st ham s6 y = f(x) dat cyc tri tai diém z,. Khi d6, néu y = f(a:) c6 dao ham
tai diém z, thi f'(z,)=0.
Chu y:
+ Dao ham f'(x) c6 thé bing 0 tai diém x, nhung ham s6 f khéng dat cuc tri tai
diém x, .
+ Ham s6 ¢6 thé dat cuc tri tai mot diém ma tai d6 ham s6 khéng c6 dao ham.
+ Ham s8 chi c6 thé dat cuc tri tai mot diém ma tai d6 dao ham ctia ham s8 bing 0
hoic tai d6 ham s6 khong c6 dao ham.
3. Piéu kién du dé€ ham s6 dat cuc tri
Dinh Ii 2: Gia st ham s§ f dat cuc tri tai diém z,. Khi d6, néu ham s§ f c6 dao ham tai
diém z, thi f'(xo):O. Néu f’(:c) > 0 trén khoang (xo — h; q:o) Véf'(x) < 0 trén khoang
(xo;xo + h) thi z, 1a mot diém cuc dai cia ham sé f(x)
+ Néu f’(x) < 0 trén khoang (xo — h; xo) va f’(x) > (0 trén khoang (xo;x0 +h) thi
z, 1a mot diém cuc tiéu ciia ham so f(x)

Quy tic tim cuc tri
Quy tic 1:
+ Budc 1: Tim tap xac dinh. Tim f'(x)

+ Bude 2: Tim céc diém z, (z =1; 2;...) ma tai 6 dao ham ctia ham s6 bing 0 hosc
ham s6 lién tuc nhung khéng cé dao ham.
+ Budc 3: Lap bang bién thién hoac bang xét dau f'(x). N&u f'(z) d6i dau khi di
qua z, thi ham s6 dat cyc tri tai =..
Pinh li 3: Gia st y = f(:z:) c6 dao ham cap 2 trong khoang (xo —h;m, + h) v6i h > 0.
+ Néu f'(a:o) =0, f"(xo) <0 thihams6 f dat cuc dai tai z,.
+ Néu f’(xo) =0, f"(xo) >0 thi ham s f dat cuc tiéu tai T,
T dinh If trén, ta c6 mét quy tdc khéc dé tim cuc tri cia ham s6
Quy tic 2:
+ Budc 1: Tim tap xac dinh. Tim f'(a;)
+ Budc 2: Tim cac nghiém z, (z =1 2;...) cua phuong trinh f'(x) =0.
+ Budec 3: Tinh f"(:):) va tinh f"(xi)
*  Néu f"(xz.) <0 thiham s6 f dat cuc dai tai diém T
*  Néu f”(xz.) > 0 thi ham s6 f dat cuc tiéu tai diém X;.
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MOT SO DANG TOAN LIEN QUAN PEN CUC TRI HAM SO
I. CUC TRI CUA HAM PA THUC BAC BA:
1. Tim diéu kién dé ham sé cé cuc dai, cuc tiéu théa man hoanh dé cho trudéc

Bai toan toéng quat: Cho ham s§ y = f(m; m) = az® + bz’ + cx + d. Tim tham s6 m dé ham

N, . - R . ~ EN N pe
s0 ¢6 cuc dai, cuc tiéu tai z,,z, thoa man diéu kién K cho trude.

Phuong phap:
+ Buoc 1:

* Tapxac dinh: D =R.
*  Paoham: ¢ = 3ax” +2bx +c = Ax” + Bx +C
+ Budc 2:
Ham s6 ¢6 cuc tri (hay c6 hai cuc tri, hai cuc tri phan biét hay 6 cuc dai va cuc tiéu)

< ' = 0 ¢6 hai nghiém phan biét vay' d6i ddu qua 2 nghiém d6
< phuong trinh 3" = 0 ¢6 hai nghiém phéan biét

A=3a#0 a#0 .
<~ ~ = .
A, =B —4AC =4V ~12ac>0  |F¥=3ac>0

+ Buéc 3: Goi r,,, 1a hai nghiém cua phuong trinh 3 = 0.

B 2b
l’l + 932 = —Z = —3—
Khi d6: a,
R P
724 3a
Buéc 4: Bién dbi diéu kién K vé dang tong S va tich P. Tu d6 giai ra tim dugc

meD,.
Buéc 5: Két luan cac gia tri mthéa man: m = D NnD,.
* Chi y: Ham s6 bacba: y = az’® +bz” + cx + d(a # 0).

Taco: y'=3ar’ +2bz +c.

Diéu kién Két luan
b> —3ac <0 Ham s6 khong cé cuc tri.
b> —3ac >0 Ham s6 ¢6 hai diém cuc tri.

> Diéu kién dé ham s6 c6 cuc tri cing dau, trai diu.
»  Ham sb c6 2 cuc tri trai ddu
< phuong trinh ¥’ = 0 c¢6 hai nghiém phan biét trai ddu < ac < 0.

» Ham s6 c6 hai cuc tri cung diu

A >0
Yy
< phuong trinh ¥’ = 0 c¢6 hai nghiém phan biét cung dau < C
=1z,.T, = Z >0
»  Ham s6 ¢6 hai cuc tri cung ddu duong
A, >0
Y

, . . . B
< phuong trinh 3" = 0 c6 hai nghiém duong phan biét <> S =z +z, = —Z >0
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»  Ham s6 ¢6 hai cuc tri cuing ddu Am

Ay, >0
R , P A N B
< phuong trinh y" = 0 ¢6 hai nghiém 4m phéin biét < <S5 = T T, = —Z <0

>0

| Q

P=x.x, =
> Timdiéu kién dé ham sé c6 hai cuc tri z,z, théa man:
T, <a< z,
T, < T, <o
a < T, < z,
= Haicuctri z,z, théamin z <a <z,
=S (zl —a)(:z:2 —a) <0 2.1, —a(ml +:1c2>+a2 <0
= Haicuctri z,z, thbamin z, <z, <«
(xl—a)<x2—a)>0 xl.xz—a<xl+x2)+a2>0
& =
T+ <2a T+ <2a
1 2 1 2
= Haicuctri z,z, théa mén o <z, <z,

(xl—a)<x2—a)>0
=
x1+x2>2a x1+3:2>2a

2
T .z —a(x +:U)+a >0
- 1772 1 2

* Phuong trinh bac 3 c6 3 nghiém l4p thanh cap sd cong

. . -b . L . . fd
khicé 1 nghiémlaz = 3—, c6 3 nghiém 1ap thanh cdp s6 nhan khi cé 1 nghiémla z = —3[— .
a a

2. Tim diéu kién dé dé thi ham sé cé cac diém cuc dai, cuc tiéu nam cung phia,
khéc phia so véi mét duong thing

Vi tri tuwong déi givra 2 diém voi duong thiang:
Cho 2 diém A(scA;yA), B(xB;yB) va dudng thang A:ax +by +c=0.

Néu (aa:A +by, + c)(a:cB +by, + c) < 0 thihai diém A, B nam vé
hai phia so vdi ducng thiang A.

Néu (azA +by, + c)(amB +by, + c) > 0 thi hai diém A, B nam cung
phia so v6i duong thang A.

Mot sé truong hop dic biét:
+ Céc diém cuc tri cta db thi ndm cing vé 1 phia déi véi truc Oy

< ham s6 ¢6 2 cuc tri cung dau
< phuong trinh %' = 0 c6 hai nghiém phan biét cuing ddu

+ Céac diém cuc tri ctia d6 thi ndm cing vé 2 phia déi véi truc Oy

< ham s6 ¢6 2 cuc tri trai dau
< phuong trinh ¢’ = 0 c6 hai nghiém trai dau
+ Céac diém cuc tri ctia d6 thi ndm cung vé 1 phia déi vdi truc Ox
< phuong trinh ' = 0 c6 hai nghiém phan biét va y,, >0

Yor
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Dac biét:

+ Céac diém cuc tri cua do thi ndm cung vé phia trén déi vdi truc Ox
Yoo Yer >0
+Yop >0

< phuong trinh 3" = 0 ¢6 hai nghiém phan biét va {
Yoo

Céc diém cuc tri ctia d6 thi ndm cung vé phia dudi déi véi truc Ox
YopYor >0
+ Yop < 0

< phuong trinh 3’ = 0 ¢6 hai nghiém phéan biét va {
Yop

+ Céc diém cuc tri ciia d6 thi ndm vé 2 phia déi véi truc Ox

<0
(4p dung khi khéng nham duodc nghiém va viét duge phuong trinh duong thing di qua hai

< phuong trinh ' = 0 ¢6 hai nghiém phan biét va Yop-Yor

diém cuc tri cia do thi ham sé)
Hodc: Cac diém cuc tri cta d6 thi ndm vé 2 phia déi véi truc Ox
<> @b thi cdt truc Ox tai 3 diém phan biét

<> phuong trinh hoanh d6 giao diém f(a;) =0 co 3 nghiém phan biét (4p dung khi

nham duogc nghiém)

3. Phuong trinh duong thﬁng qua céic diém cuc tri

! 14 r.n

2
g(x)z(%—i)%}x%rd—g—z hodc g(X)=9a]/—% hodc 9(35)=y_y'y

Khoang cach giita hai diém cuc tri ciia do thi ham sé bac 3 Ia

f 3 2
AB - 4e + 16e véi e:b 3ac
a 9a

IL. CUC TRI CUA HAM BAC 4 TRUNG PHUONG ¥ = az’ + bz’ + ¢ (a - 0)

MOT SO KET QUA CAN NHO
+Ham s6 ¢6 mot cuc tri <> ab > 0.
+Ham s6 ¢6 ba cuc tri <> ab < 0.
a>0

+Ham s6 c6 ddng mdt cuc tri va cuc tri 1a cuc tiéu < {b 50

a<0
+Ham s6 c6 ddang mot cuc tri va cuc tri la cuc dai < {b <0
e N . a>0
+Ham s6 c6 hai cyc tiéu va mét cuc dai < b<0
<

a<0

+Ham s6 ¢6 mot cuc tiéu va hai cuc dai < {b 0
>

Gia st ham s6 y = ax’ +bz° + ¢ ¢6 3cuc tri: A(0;c), B —J—i;—ﬁ ,C ﬂ/—i;—é
2a  4a 2a  4a

tao thanh tam giac ABC'thdéa man di kién: ab < 0.
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MOT SO CONG THUC GIAI NHANH

Dat: BAC =« A
£ a b A
g .. |cOt” — = —
Tong quat: 9 34 %\ .
@) x
B C
Dir kién Cong thitc théa man ab < 0
Tam gidc ABC vudng can tai A b = 8a
Tam gidc ABC déu b = 24a
Tam gidc ABC'c6diéntich S, . =5, 32a°(S,) +b° =0
Tam gidc ABC c6 dién tich max(S,) b’
S =]
0 32a”
Tam giac ABCc6 ban kinh dwong tron ndi ti€p b2
Taase =T " b3
Alaf| 1+ ,J1-
8a
Tam gidc ABC'c6 ban kinh duong tron ngoai ti€ép b — 8a
_ R=——
RAABC =R 8‘@‘1)
Tam gidc ABC c6 dd dai canh BC = m, am§ +2b=0
Tam giac ABC'c6 do dai AB=AC =n, 16a’n; —b" +8ab =0
Tam gidc ABC c6 cuctri B,C € Ox b2 = dac
Tam gidc ABC c6 3 gbc nhon b(8a +0°) >0
Tam gidc ABC c6 trong tam O b2 = 6ac
Tam gidc ABC c6 tryc tam O b’ +8a —4ac =0
Tam gidc ABC cung diém O tao thanh hinh thoi b2 = %2ac
Tam gidc ABC c6 O 1a tam duong tron ndi tiép b3 —8a — dabe = 0
Tam gidc ABC c6 O la tdm duwong tron ngoai ti€p b? —8a — 8abe =0
Tam giac ABC c¢6 canh BC = kAB = kAC bk —8a(k® —4) =0
Truc hoanh chia tam gidc ABC thanh 2
hai phan c6 dién tich bang nhau b= 4«/5‘(10‘
Tam giac ABC ¢6 diém cuc tri cach déu truc hoanh b* = 8ac
D6 thi ham s6 (C’) cy =ax' +bx’ +c cit truc Oz tai e 100
=—ac
4 diém phan biét lap thanh cip s6 cong 9
Pinh tham s6 @& hinh phéng giéi han bdéi do thi
(C) cy=ax' +bx” + ¢ va truc hoanh c¢6 dién tich I %ac
5
phan trén va phan duéi bing nhau.
. . . L x s o [2 A 2 A
Phuong trinh dudng tron ngoaitiép AABC: 2" +y —|———+c|ly+c|——— |=0
b 4a b 4a
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GIA TRI LON NHAT - GIA TRI NHO NHAT
I. Dinh nghia.
Cho ham s6 y = f(a:) xac dinh trén tap D.

. : s . . . | f(x)<M,YzeD
+ S0 M goi la gia tri 16n nhat cua ham s6 y = f(a;) trén D néu:
dz, e D, f(z,) = M

Ki hig¢u: M =maxf(x).

xeD

) ‘ ) L ) . | f(®)2m,VYz e D
+ S0 m goila gia tri nho nhat cua ham s6 y = f(a;) trén D néu:
dz, € D, f(x,) =m
Kihiéu: m = mian(a;) .
2. Phuong phap tim GTLN,GTNN
* Tim GTLN, GTNN ctia ham s6 bang cach khao sat truc tiép
+ Budc 1: Tinh f'(x) va tim cac diém T,T,,...,2, €D ma tai do f’(x) =0 hoac ham s6
khéng c¢6 dao ham.
+ Budc 2: Lap bang bién thién va rdi suy ra gia tri 16n nhat, gia tri nhé nhat cia ham sé.
* Tim GTLN, GTNN ctia ham s6 trén mot doan
+ Bubdc 1:
* Ham s6 da cho y = f(:z:) xac dinh va lién tuc trén doan [a; b].
+Tim cac diém z,,,...,z trén khodng (a;b), tai do6 f’(x) =0 hodc f’(z)
khong xac dinh.
+ Budc 2: Tinh f(a),f(xl),f(xQ),...,f(xn),f(b).
+ Budc 3: Khi do6:
* @cg}mf(x) = max{f(xl),f(x2),...,f(:cn),f(a),f(b)}.

* ?giﬁlf(x) = min{f(ml),f(xQ),...,f(xn),f(a),f(b)}.
* Tim GTLN, GTNN ctia ham s6 trén mot khoang

* Budc 1: Tinh dao ham f'(z).

* Budc 2: Tim tdt ca cac nghiém =, € (a;b) ctia phuong trinh
J'(x) = 0 va tét ca cac diém «, € (a;b) 1am cho f'(z) khong xéc dinh.

* Budc 3. Tinh A = lim f(z), B = lim f(z), f(z,), f(e,).
z—a* b ) )

* Budc4. So sanh cac gia tri tinh dugc va két luan M = max flx), m= r(mbr)l flz).
Néu gia tri 16n nhat (nhé nhat) Ia A hodc B thi két luan khong cé gia tri I6n nhat (nhé nhat).
minf(x) = f(a)

[o2]

maxcf(2) = /()
min f(z) = f(b)

)
max f(z) = f(a)

+ Néu y = f(a:) dong bién trén [a;b} thi
+Néu y = f(a:) nghich bién trén [a;b} thi
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2. KHAO SAT MOT SO HAM PA THUC VA PHAN THUC:
a) HAM SO BACBA y=az’ +b2* +cx+d (a;tO)

TRUONG HQP

a>0

Phuong trinh y/ =0 ¢6
2 nghiém phan biét

y

0 :
1
Y <
> /= 5 Ay
Phuong trinh y' =0 ¢6 YA
nghiém kép .
l A
1 5 >
0 :
Phuong trinh y/ =0 vo yA YA
nghiém
1
o 1 .
1 x
l »
A
b) HAM SO TRUNG PHUONG y = az’ +b2” +¢ (a # 0)
TRUONG HOP a>0 a<0
Phuong trinh 3y =0 ¢6 vA yA
3 nghiém phan biét
1 ﬂ /\
1
1 A .
O ; / o \ |
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Phuong trinh 3/ =0 ¢6 YA A

/I

il

1 nghiém.

"y

il

¢) HAM SG NHAT BIEN y =20 (c#0, ad—bc#0)
cx+d
D =ad—bc>0 D =ad—-bc<0
yA YA
——/ I
1 (0] >
0] 1 x} \ ! *

MOT SO PHEP BIEN POI PO THI

Dang 1: T d6 thi (C) Dy = f(:c) suy ra do thi (C”) ty = f(‘x‘)
) B _ f(x) khi >0
Tacs =1l = {f(—x) khi x <0

va y = f(‘x‘) 14 ham chdn nén do thi (C') nhan Oy lam truc d6i xting.

* Cach vé (O) tit (O):

+ Gitt nguyén phan d6 thi bén phai Oy cta do thi (C) ty = f(:c)

+ B6 phan d6 thi bén trai Oy cua (C) ,1ay d6i xting phan do thi dugc giit qua Oy.

Vi dy: Tir d6 thi (C):y = f(z) = 2* - 32 “
<o 3 ‘ (C) cy=212" -3z
suy ra do thi (C') T ‘x‘ — 3‘:0‘ :

+ B4 phan db thi cia (C) bén trai

Bién ddi (C): /i ’
y

Oy, giit nguyén (C’) bén phai Oy.
+ L&y @61 xting phan d6 thi dude
gitt qua Oy .

Nguyén Chién - Hong Quan: 0973.514.674
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Dang 2: Tu d6 thi (C):y:f( ) suy ra do thi (C)y:‘f(x)‘
R L CJf(z)  khi f(z)20
O R i

* Cach vé (C) tit (C):

+ Gilf nguyén phan do thi phia trén Ox cta d6 thi (C):y = f(a:) .

+ B6 phan db thi phia dusi Ox cta (C), 1ay d6i xting phan do thi bi bo qua Ox.

Vi du: Tt d6 thi (C):y=f(x)=x"—-3x vA
. N C):y=x"—-3x
suy ra do thi y:‘x3—3x‘. /(
x 1 5

Bién d6i (C):
+ B4 phan do thi cta (C) duséi

Ox, giti nguyén (C’ ) phia trén Ox.

+ Lay d6i xting phan db thi bi bo
qua Oz.

Chii ¥ v6i dang: y = ‘ f(‘x‘)‘ ta ln lugt bién ddi 2 dd thi y = f(|s]) va y = |f (=)
Vi du: Tit db thi
(C) Dy =f(a:) =2’ — 3z suyra db thi

z| . Bign dsi ((J) 48 duge db

thi (C') cy = MS - 3‘:0‘ . Bién doi

(C') Dy = ‘xr - 3‘33‘ ta dugc d6 thi

()0

Dang 3: T d6 thi (C) =u :c) U(CL’) suy ra db thi (C') ty = ‘u(x)‘ v(:z:) .

r)  khiu(z)>0

Ta cé: y=‘u(l“)‘ (v) = {qu(l J(”(x) hiu(z) <0

* Cach vé (C') tit (C):

+ Giit nguyén phan d6 thi trén mién u(m) >0 cta @6 thi (C) ty = f(:c)

+ B4 phan db thi trén mién u(m) < 0Octa (C) ,1ay déi xting phan do thi bi bé qua Ox.

Nguyén Chién - Hong Qudn: 0973.514.674
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Vi du
a) Tu d6 thi (C):y=f(a:)=2x3—3a:2+1 b) Tt d6 thi (C):y=f(:zj)= Ty
suy ra o thi (C"):y = ‘x—l‘(2a¢2 —sc—l) !

ra db thi (C'):y:‘ il

T — 1‘

x khi z >1 x .
y=‘x—1‘<2az2—x—1)= f( ) ‘ T 1 kh@xe(lff@)
—f(x) khixz<1l|y=+——=

‘a: B 1‘ S khi x (—oo,l)
A . 5 €T =

* quu nguy.en (€) voi ,x > 1/ . + B0 phan do thi cua (C’) vél x <1,

+ Bo (C) v61 x < 1. LAy do1 xiing phan

do thi bi b6 qua Ox. gili nguyén (C’) v6i x>1.
| YA + Lay d6i xting phan d6 thi bi bé qua
Ozx.
YA
1

4
\H/
=Y
O |-
=y

1
1
1
1

©) !f

Nhan xét: Trong qué trinh thuc hién phép | Nhan xét: D61 v6i ham phan thiic thi nén
suy db thi nén 14y déi xting cac diém dic 14y do1 xiing cac duong tiém can dé thuc
biét ctia (C): giao diém véi Ox, Oy, CD, CT... | hién phép suy d6 thi mot cach tuong d6i
chinh xac.

TIEP TUYEN
1. Tiép tuyén : Cho hamsé y= f (X), c6 @6 thi (C). Ti€p tuyén cua

b thi (O) tai diém M, (xo;yo) € (C) c6 dang: |y = y'(xo)(x — a:o) +9,|-

Trong d6: Diém M, (z,;y,) € (C) dugc goi la tiép diém. (véi y, = f(x,))-
k=f' (:Eo)lé hé sé géc cua tiép tuyén.
2. Diéu kién tiép xtic: Cho hai ham s¢ (C) ty = f(x) va (C') ty = g(x)

f(x) — 7 (x) ¢6 nghiém.
fa)=g'(z)
y

TUONG GIAO PO THI ?<
)< Yo

Cho ham s§ y = f(x) ¢6 do thi (C)) va y = g(x) c6 dd thi (C,). !
Phuong trinh hoanh d6 giao diém cta (C)) va (C,) )'(0 _é)
la f(z) = g(z) (1) Khi do:

Nguyén Chién - Hong Quan: 0973.514.674
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+S6 giao diém cia (C,) va (C,) bang véi s6 nghiém
cua phuong trinh (1).

+Nghiém z, ctia phuong trinh (1) chinh la
hoanh d¢ z, cua giao diém.

+DéE tinh tung do Y, cua giao diém, ta thay hoanh do T, vao
Y= f(x) hoac y = g(x)

+Diém M (X,;Y,) 1a giao diém cua (C,) va (C,).

2

PIEM DAC BIET CUA HQO PUONG CONG:
1. Bai toan tim diém c6 dinh ctia ho dudng cong
Xét ho duong cong (C ) c6 phuong trinh y = f(x,m), trong d6 f la ham da thic theo
bién 2 v6i m la tham s& sao cho bac cia m khong qua 2. Tim nhiing diém c6 dinh thudc ho
dudng cong khi m thay doi?
Phuong phap giai:
+ Budc 1: Dua phuong trinh y = f(x,m) vé dang phuong trinh

theo 4n m c6 dang sau: Am + B =0 hodc Am> + Bm+C =0.
+ Buéc 2: Cho cac hé s6 bang 0, ta thu duge hé phuong trinh va giai hé phuong trinh:

A=0
A=0
hoac < B =0.
B=0
C=0

+ Buéc 3: Két luan:
- Né&u hé v6 nghiém thi ho dudng cong (C ) khong c6 diém cd dinh.

- Né&u hé ¢6 nghiém thi nghiém d6 1a diém ¢6 dinh ctia (C ).
2. Bai toan tim diém c6 toa dé nguyén:
Cho duong cong (C) c6 phuong trinh y = f(z) (ham phan thic). Hay tim nhiing diém
c6 toa do nguyén cua duong cong?
Nhiing diém c6 toa do nguyén la nhing diém sao cho ca hoanh dé va tung dé cua
diém d6 déu la sé nguyén.
* Phuong phap giai:
+ Buéc 1: Thuc hién phép chia da thiic chia tii s6 cho mau sé.
+ Budc 2: Lap luan dé giai bai toan.
3. Bai toan tim diém c6 tinh chat d6i xing:
Cho dudng cong (C) c6 phuong trinhy = f(z). Tim nhiing diém d6i xéng nhau qua mét
diém, qua duong thing.
Bai toan 1: Cho do thi (C) cy=Ax’ + Bx® + Cx + D trén do thi (C’) tim nhiing cap diém
doi xting nhau qua diémI(z,,y,) .
*  Phuong phap giai:
+ Goi M(a;Aa3 + Ba® + Ca + D), N(b;Ab3 + Bb® +Ch + D) 1a hai diém trén (C) doi

xting nhau qua diém I .

Nguyén Chién - Hong Qudn: 0973.514.674
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T a+b=2z,
+ Ta co f f .
A(a5+b5)+B(a2+b2)+C(a+b)+2D:2yI

Giai hé phuong trinh tim dudc a,b tit d6 tim dudgc toa do M, N.
Truong hop dédc biét : Cho dé thi (C) ty=Aa2" + Br’ +Cx+D. Trén dé thi (C) tim

nhiing cdp diém do6i xing nhau qua goéc toa do.
*  Phuong phap giai:
+  Goi M(a,Aa3 + Ba® + Ca + D),N(b,Ab3 + Bb +Ch + D) la hai diém trén (C)

d61 xting nhau qua goc toa do.

la+b=0
v T A(a3+b3)+B(a2+b2)+C(a+b)+2D:O'

+ Giai hé phuong trinh tim dugc a,b ti d6 tim dudc toa dd6 M, N .
Bai toan 3: Cho do thi (C) cy=Ax’ + Bx® + Cx + D trén do thi (C’) tim nhiing cdp diém
d6i xting nhau qua dudng thing d : Y= 141:1: +B,.
*  Phuong phap giai:

+ Goi M(a;Aa3+Ba2+Ca+D), N(b;Ab3+Bb2+Cb+D) la hai diém trén (C) doi

xting nhau qua dudng thing d .

led 1) X -
+ Taco: ——~ (v6i | 1a trung diém caa MN va ug 1a vecto chi phuong
MN i =0 (2)

ciia dudng thang d). Giai hé phuong trinh tim duge M, N.
4. Bai toan tim diém dac biét, khoang cach
< Ly thuyét:

0 2 2
+ Cho hai diém A(azl;yl);B(a:2;y2) = AB = \/(332 - xl) + (y2 — ?11)
Cho diém M (z;y,) va dudng thing d: Ax+By+C=0, thi khoang cach tit M dén d la
h(M;d) _ ‘Aa:o + By, + C‘ .

JA® + B

+b .. . ) . ” . . R
+ Cho ham phan thic: y = & ~ tiép tuyén tai M cét TCD, TON 6 A va B thi M Ia trung
cT +

diém ctia AB.
0. 2
Dién tich tam giac IAB khong doi: S,,, = —Q‘ad — bc‘ )
c
%  Cac bai toan thuong gap:
ar +b

Bai toan 1: Cho ham s6 y = (c #0, ad —bc # 0) c6 do thi (C’) Hay tim trén (C)

cr+d
hai diém A va B thuéc hai nhanh dé thi ham s6 sao cho khoang cich AB ngdn nhat.
* Phuong phap giai:
+ (C’ ) co tiém can ding = = —— do tinh chat cua ham phan thic, d6 thi nam vé hai phia
c
cua tiém can ding. Nén goi hai s6 «, 1a hai sé duong.
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+ Néu A thudc nhanh trai: =, <_Q:> T, =——- a<—g; y, = flz,)-
c c c
o A 2 9 . d d d
+ Néu B thudocnhanh phai: z, > —— =1, =——+B>——; y, = f(z,).
c c c
2 2 2 2
+ Sau d6 tinh: AB? =(£L'B—:EA) +(yB —yA) =[(a+ﬁ)—(a—a>] +(yB—yA) .
+ Ap dung bat ddng thtic Cauchy sé tim ra k&t qua.

Bai toan 2: Cho d6 thj ham s6 (C’) ¢6 phuong trinh y = f(x). Tim toa do diém M
thuoc (C) dé tong khoang cach tir M dén hai truc toa do nhé nhat.
*  Phuong phap giai:
+ Goi M(m;y)vé tong khoang cach tt M dén hai truc toa d61a d thi d = ‘aj‘ + ‘y‘ .
+ Xét cac khoang cach tit M dén hai truc toa @6 khi M nam & cac vi tri dic biét:
Trén truc hoanh, trén truc tung.
+ Sau d6 xét tdng quat, nhitng diém M c6 hoanh do, hosc tung d6 16n hon hoanh d6
hoac tung d6 cia M khi ndm trén hai truc thi loai di khong xét dén.
+ Nhiing diém con lai ta dua vé tim gi4 tri nho nh4t ctia d6 thi ham s6 dua vao dao
ham roi tim dudc gia tri nhé nhat cia d.
Bai toan 3: Cho dé thj (C) c6 phuong trinhy = f(x). Tim diém M trén (C) sao cho
khoang cach tir M dén Ox bang k Ian khoang cach ti M dén trucOy .
*  Phuong phap giai:

Theo dau bai ta c6 ‘y‘ = k‘x‘ & B z ]jj;x = B[ gi; Z ]jm

Bai toan 4: Cho d6 thi ham s6 (C) «¢6 phuong trinh
y=flx)=

nhat (véi I 1a giao diém hai tiém can).
*  Phuong phap giai:

+ 2 ol
s Z (c#0, ad—bc#0). Tim toa do diém M trén (C) sao cho do dai MI ngén
CX +

A -d .. a
+ Tiém can diing * = —; tiém cAn ngang y = —.
c c

. R _d a 9 . 4
+ Ta tim dugc toa do giao diém [ (—;—j cua hai tiém can.
c c

2 2
+ Goi M(xM;yM) 12 diém cAn tim. Khi d6: IM* = [xM + gj + [yM - gj = g(:pM)
c c
+ St dung phuong phap tim GTLN - GTNN cho ham s6 g dé thu dudc két qua.
Bai toan 5: Cho do thi ham s6 (C) c6 phuong trinh y = f(x) va duong thing

d: Az + By+C =0.Timdiém I trén (C) sao cho khoang cach tir I dén d la ngdn nhat.

* Phuong phap giai:
+ Goi I thuoc (C) = I(:z:o;yo); y, = f(z,).
) ‘Aa:o + By, + C‘
+ Khoangcachtit [ dén d la g(x,) = h([;d) =
VA* + B?

+ Khao sat ham s6 y = g(z) dé tim ra diém / thdéa man yéu cau.
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4. TIEM CAN cUA DOFHIHAM SO6

Khai niém

Hinh dnh minh hoad

1. Tiém can dirng:

Pudng thdng x = x,, (vubng goc
Ox) goi la tiém cén dirng cta d6
thi ham s&: y=f(x) Néu cé it nhat
mot trong cdc gidi han sau:

lim f(x) =40, lim f(x)=—o0,

X—)Xo x—)xo
lim f(x)=+0, lim f(x)=-oo0,
x—>x; XX,

X = Xxgthiy— o
_;,II".,- fll o ,l-".- . }\' o 7 e g
(R i Jr:ll.f ]

gui la tiém can di ny

Phuwong phap tim tiém can

B1. Tim tap xac dinh

B2. Tim cdc gia tri X ma tai
x, ham s6: y=f(x) khong xac
dinh.

B3. Tinh cac gidi han:

lim y=%40 & lim y =200
x—>x, XX,

B4. K&t luan.

2. Tiém can ngang

Ham s6 y = f(x) xdc dinh trén
mét khodng vé han (c6 thé 13
(—oo;a),(b;+oo),(—oo;+oo)
Pudng thang y =y, (vudng goc
Oy) goi la tiém cén ngang cta do
thi ham s&: y=f(x) Néu cé it nhat
mot trong cdc gidi han sau:

lim f(x)= yo’xl—i>r£100 fx) =y,

X—>+00

x — oo thi Y = Yo
'):;;;“- ,-f,. “-I‘“'f" -'-":,I’ y - _}"D

qoi la tiém ean nga ng

3. Tiém can xién

Ham s& y = f(x) xdc dinh trén
mét khodng vé han (cé thé 13
(—oo;a),(b;+oo),(—oo; +oo)
Puong thdng y=ax+b (a#0 )
goi la tiém cén xién cta do thi
ham s6: y=f(x) Néu cé it nhat mot
trong cac gidi han sau:

lim [ f(x)~(ax+b)]=0,

X—>+00

x—oothiy— (d)
»'J"Iijlff:'.r dé due ni (d} goi

B1. Tim tap xac dinh
B2. Tinh cac gidi han:

lim y=y, & lim y=y,
X—>+o0 X—>—00

B3. K&t luan

B1. Tim tap xac dinh
B2. Tinh cac gidi han:

lim [MJ =a
X—>+00 X hoac

lim (f(x)—ax)zb

X—>+00

lim [f (X)J =a
X—>—0 X

lim (f(x)—ax)zb

X—>—00

B3. K&t luan

lim [f (x)—(ax+b)]=0. li tiém eam ziém
X—>—0
Chuy:
. w ax+b , ., . . d ., R R a
1.Hams6: y = cotiémcandingla: x=—— ,tiémcanngangla: y=—
cx+d c c
. ax> +bx +c S on e, . N o o s
2.HMs6: y=—=px+qg+ coétiém candingla: x =—— , tiém can xién la:
mx+n mx+n m

y=px+q
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3. lim
—>+0 m m=
x b,x" +b, _x

4.Ham s8: y = f(x)=ax> +bx+c (a>0) cé tiém can xién la y:\/;

anx"+an_1x"4+...+alx+a0 :{nSm: TCD & TCN
1+...+blx+b0 n>m:TCb & TCX

b
X+—
2a

5.Ham s8: y = f(x) = mx+n+ pVax> +bx+c (a>0) co tiém cdn xién la

y:mx+n+p\/;

X+—
2a

mx+n

\/ax2+bx+c

6. Ham s6: y = chi cé tiém can ngang, c6 thé cé tiém can ding néu ax® +bx+c=0

c6 nghiém.

B&&ung mot so&ién thirc:

- Céng thirc khodng cdch: Dudng thing A:ax+by+c=0 (a2 +b> 2 0) va M(xo;yo) .

, ! ‘axo +by, +c‘

Khoang cach tlr M dén A la: d(M,A) \/7
Dic biét: - Duwong thang A:y =m thi ( , ) ‘ m‘

- Dudng thing A:x =n thi d(M,A) =‘x0 —n‘
- Coéng thure gidi han:

. C : . 1 . ..
+ Gidihantaivo cuwc: Iim — =0 vo”t(k >0) & lim x" = +o ncfzan , lim x" =400 vdine N
x—>to0 xk X—>—00 —oon lé X—>+00
+ Gidi han mot bén: lim ¢ =[+OO Ne:’u ¢>0 & lim = [_Oo Ne:’u ¢>0
xox) X=X, -0 Néu c<0 xx; X=X +00 Néu ¢ <0

5. TUO'NG GIAO HAI DO&H| HAM SO
5.1. Kién thire

Cho hai duwong cong:( ) y=f(x) va( ) y=g(x)
+) Néu M(x,;y,) la diém chung cua (Cl) va (Cz) <:>M(x0;y0) [a nghiém cha hé: {§ ig((j))

+ Hoanh d6 giao diém cla (C1) va (Cz)lé nghiém cla phuwong trinh: f(x) = g(x) (*)
+) S6 nghiém phuong trinh (*) bang s6 giao diém cua (Cl) va (Cz)

5.2. Bo&dung mét sédkién thurc

a) Phwong trinh bdc 2
tnh- _ 2 _ L " A Lea . A>0
Phuong trinh: g(x)=ax” +bx+c=0 (a #* 0) c6 hai nghiém phan biét khac x, < {g(xo) 40
A=0
-Phuong trinh: g(x) = ax> +bx+c=0 (a #* O) c6 nghiém kép khac x, < b 20
2a

-Phuong trinh: g(x)=ax® +bx+c=0 (a#0) vé nghiém <A <0

Trung tGm luy n thi chét lwona cao Thanh Dat — Tay M8, Nam Tir Liém, Ha Noi Page 10
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b) Phwong trinh béc 3 hay twong giao dédhidham da thic béc ba va truc Ox

Tuong giao cua d6 thiham bGc3y=a'x" +b'x" +c'x+d' (a';tO) va truc Ox:
Phuong trinh hoanh dé giao diém: a'x>+b'x*+c'x+d'=0

Trwérng hop 1: Bién déi phwong trinh: a'x>+b'x* +¢'x+d'=0 thanh (x—oc)(axz +bx+c) =0
e Phuong trinh: (x—oc)(axz +bx+c) =0 cé ba nghiém phan biét << Phuong trinh:

ax? +bx+c =0 cé hai nghiém phan biét khac a. .

e Phuong trinh: (x—oc)(ax2 +bx+c) =0 cé hai nghiém phan biét < Phuwong trinh:

ax’ +bx+c=0 cb nghiém kép khac o hodc cé hai nghiém phan biét trong dé cé mot

{AzO
nghiém bang o < g@)#0
{A >0

g(a)=0
e Phuong trinh: (x—oc)(axz +bx+c)=0 chi c6 mét nghiém < Phuong trinh:

A=0
ax®> +bx+c=0 cb nghiém kép bang a. hodc vé nghiém < {g(oc) =0
A<O
Trwéng hop 2: Khong nhdm dugce nghiém o

S8 giao diém clia dd thi ham s6 y = ax® + bx? +cx +d (a # 0) va Ox bang s6 nghiém cta phuong

trinh: ax® +bx> +cx+d =0
e Chi c6 mét nghiém khi va chi khi: Ham s& ludn déng bién hodc luén nghich bién; hodc cé hai
Ay, <0
cue tri nam vé cing mot phia d6i véi Ox < {Ay >0 trong do: x;,x, la nghiém cua
y(x;).y(x,) >0
phuwong trinh: y'=0
e Chi c6 hai nghiém khi va chi khi ham s6 cé hai cuc tri, trong d6 cé mot cuc tri ndm trén Ox
& {Ay' >0 trong d6: x,x, la nghiém cta phuong trinh: y'=0
y(x)y(x,)=0
e Chi cd ba nghiém phdn biét khi va chi khi ham s& ¢ hai cyc tri, trong dé cé hai cuc tri nam
>0

Y trong d6: x,,x, la nghiém cta phuong trinh:
Y(x))-y(x,) <0 e

vé hai phia cla truc Ox < {

y'=0
BA&ung: Phuong trinh dwong thang qua hai cuc tri (néu cd) 1a y =mx+n (Bidu thirc mx +n la da
thire du khi chiay cho y’).

Xét y':3ax2+2bx+c:0

Trung tGm luy n thi chét lwona cao Thanh Dat — Tay M8, Nam Tir Liém, Ha Noi Page 11
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¢) Phuong trinh béc bén tring phwong hay twong giao cia dédhi ham da thic béc 4 tring
phwong vac trucj Ox)

4 2 t=x">0 )
fx)y=ax" +bx" +c=0 (a¢0)<:> .t=x<:>x=i\/f
f(t)=0
S6 nghiém 4 3 2 1 0 CsC
P=0 A>0
A>0 P<0
- I:>>O {P:O A0 {S<0 P>0 {0<tl<t2
Diéu kién > =
i S>0 = S<0 t, =3t
S>0 {S/2>0 A=0 \/72 3\/7‘
S/2=0| |A<O

M6t séién thire hinh hoc bé6dung:

- Cho: Z/Tl = (xl;yl),u2 = (xz;yz):> LTIZ = XX TV,

_ 2 2
-Cho A, (x53)), Ay (x359,) 1 AjA, = (x2 BRIER) _y1)" A, :\/(x2 _xl) +(y2 _yl)
- Cho tam giac AA A, A, trong do: A (x;5¥,), Ay (X53Y,), Ay(x55y5) khdng thang hang:
+Tam gidc AA A, Ayvudng tai A] < AjA; A/A; =0
A, Z‘A1A3‘
A4y = |4,4,

+Tam gidc AA/A)A, déu <

- Dién tich tam giac : S, ,p¢ :%h.a :%b.csinA:pr:Z—l::\/p(p—a)(p—b)(p—c)

6. HAM SO&A POFHI
6.1. Dédhidam sé béc 3
D6 thi ham sé ludn cat truc Ox tai it nhat mot diém

D6 thi nhan diém [ —i;f _b la tAm d6i xirng
3a 3a

Bang bién thién va dang do thi

Truwong | a>0 a<0
hop
x| —= +o0 N - +
¥ + Y
y':O ¥y e A T
vo / -.___\__‘__--_‘--‘__h
nghiém -
, R " i R * \ n " . .4 "
*) Ham s6 ludn dbng bién trén R ) Ham s0 luén nghich bién trén R
v ~ s . * 3 o} O o i
*) Ham s6 khong cé cuec tri ) Ham s6 khdng c6 curc tri
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ILMU - LOGARIT
1. Dinh nghia va cdc céng thirc lugdhira vamii

a) Liy thira
S6 miidx Co soa Luydhtra a*
a=neN acRr a* =d" =a.a.....a(n thira s6 a)
a=0 a#0 a* =a’ =1

" a_ n_ |1
a=-n(neN) a#0 a=a’=—

a
m S 0 mn

oc—;(meZ,neN,n_2) a> aOL:a":n,am((l/_:b@bn:a)
oczlimrn(rneQ,neN*) a>0 a* =lima™

2. Cac phép todn: V&i a va b la nhitng s6 thyc duong, o va B la nhitng so thyc tuy y, ta co

a*.aP =a**P a e @)P =P =@P)*  (ab)* =a®p" [fja=£
aP b b*

3. So sanh:

Néua>1 thi ¢*>aP ca>p ; Néu O<a<l thi ¢*>d® <a<p

Véi0<a<btacd: a"<b" &m>0; a">p" <om<0

b) Cdan bdc n:

e Khdiniém : Cdn bacnchaalasd bsaocho b" =a.
e Vd&ia b>0,mne N* p, qec Ztaco:

Yab =4allp; d%;:ég<b>(»; Yar =(¥a) @>0)  WWa="a
b
o Néul=-4 Va? =Na? (a>0) Ddc biét (’/_zm\n/am
nom

- Néu n la sé nguyén duong |é va a < b thi (’/; < ’\’/Z

- N&u n 1a s6 nguyén duong chdn va 0 < a < b thi Ya <4b .

Chu y: + Khi n 1&, mbi s6 thuc a chi cd mot cdn bac n. Ki hiéu Q/;.

+ Khi n chdn, mdi s& thyc dwong a cé ding hai cdn bac n 1a hai s6 d6i nhau, cin cé gia tri
duong ky hiéu 1a %a

N r\t/yz{a khin le )

9| kni n chén

2. Dinh nghia va cdc céng thirc Iégarit
*BPinhnghla: log b=0 < a” =b
*Phéptoan:Vdia, b>0;, a#1; by b,>0; a e Rtaco:

logaI:O; logaa:]; 10gaah:b; alogab:b
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* Sosanh: Néua > 1thi log b>log c<b>c. NéuO<a<1thilog b>log cob<c

b
* Phép toan: log (bb,)=log, b +log b, log, (b_lj =log, b —log, b, log, b* =alog, b
2
* Poico'sd0 Véia, b,c>0vaa, b+ 1, taco:
1 1
log, c= Og“ hay log, b.log, c=1log, c logabz1 loga[x c=—log, c(a#0)
g, 0g, a o

* Logarit thap phan: lgb=logb=log,,b

n
* Logarit twdnhién (logarit Nepe): Inb=log, b (v6i e= lim(l + l} =2,718281...... )
n

3. HAM SO LOY THUA
*Dang: y=x%, aeR
* Tap xac dinh: D

e o nguyénduongthiTXDlaD =R

e o nguyén am hodc bang 0thi TXD 1a D =R\ {0}.

e o khdng la sé nguyén thi TXD |a D = (0; +0).
*Paoham: (*)'=o.x*"! (VxeD). @*)'=au*"'u' véiu laham hop.
* Tinh don diéu : trén khodng (0 ; +o0) ham s8 déng bién néu a >0 va nghich bién néu o< 0.
*Dédhic

e Ludn diqua diém (1; 1)

e 0o >0db thj khdng cé tiém can.

e 0. <0dbthijcdtiém can ngang la truc Ox, tiém can dirng 13 truc Oy.
1
* Chd y: Ham sG y = x khong ddng nhét véi ham s6 y =Yx (ne N¥%).

(Q/;)IZ ! 1 (Vi x > 0 khi n chén va x= 0 khi n I¢) ((‘/;),: u'l
A\ x"” bl

4. HAM SO0 M0

*Dang: y=a" (a>0 a#1).
* Tap xac dinh: D=R.

* Tap gia tri: T = (0; +o0).

* Pao ham: (ex)l =e" (e”)l =e'u' (ax), =a".lna (a”), =a"u'.lna
* Tinh don diéu:

e Khia>1ham s6 dong bién trén R.

e KhiO<a<1ham sd nghich bién trén R.
* Podhi:

e Ludn di qua cac diém (0; 1); (1; a)

e d6 thicd tiém can ngang la truc Ox.
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y x

1 X I IN—o X
a>1 0<a<l

1 X X
- . -1
Chu y: Gidi han dac biét: lim(1+x)* = lim (1+lj =e lim ¢ =1

x—0 x—to X
5. HAM SO&OGARIT
*Dang: y=log, x (a>0,a#1)
* Tap xac dinh: D = (0; +x).
*Tapgiatri: T=R.

’ 1 2 4
* Dao ham: (ln|x|) =— (x=0); (ln|u|) L
X u
log |« g x#0 log, |ul - v
(g” ) xna( ) (g“ ) ulna
* Tinh don diéu:
e Khia>1ham sé dong bién trén (0; +o0).
e KhiO<a<1ham sé nghich bién trén (0; +o0).
* Podhi:
e Ludndiquadiém (1;0)va(a;1).
e d6 thico tiém can dirng la truc Oy.
y
y y=log.x y=log.x

ul / X O_l\1 ;

O[l
im A+ %) _

Chuy : Gidi han dac biét: li
x—0 X

a>1 0<a<l1

1

6. PHUONG TRINH MU

b>0

6.1. Phuong trinh miico ban: Véia>0,a=1: a' = b
x =log, b

6.2. Mot sé@huwong phap gidi phwong trinh mii

a) Duwa vé&ung co'sé: Vdia>0,a# 1: al ) = g8 f(x)=g(x)
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Chi y: Trong truding hop co' s6 ¢6 chira 6n s6 thi:  a™ =a” < (@- )M -N)=0
b) Logarit hoa: o/ =b¥™) < f(x)=(log, b).g(x)
c) Bat an phu:

_ f(x)
e Dang 1: P(a’)=0 = {;{? O, t>0 trong d6 P(t) 1a da thirc theo t.
)=

f(x)
e Dang 2: o.a*’ ™ + B (ab)’ ¥ +yb* ™) =0 Chia 2 v& cho b*/ ™), rbi d5t 4n phuy 1 = (%j

' 1
eDang3: o/ +b'Y =m véi ab=1.D4t t=a’/® = p/¥ ==
t

d) S& dung tinh don diéu cda ham sé

Xét phuong trinh: f(x) =9(x) (1)
e Doan nhan xy la mét nghiém cuda (1).
e Dyra vao tinh dong bién, nghich bién cua f(x) va g(x) dé két ludn x, |a nghiém duy nhat:
e Néu f(x) dong bién (hodc nghich bién) thi f(u)=f(v)<u=v

Can nhé:

+) a>1: Ham s6 y =a” dong bién (nghia la: Néu x, <x, = a™ <a™ )

+) 0<a<1: Ham s6 y =a" nghich bién (nghia la: Néu x, < x, = a™ >a™

+) Ham s6 y =f(x) lién tuc va cé dao ham trén .

- N&u f'(x)>0 thi ham sé dong bién trén I;
- N&u f'(x) <0 thi ham s6 nghich bién trén I.

+) Ham s6 y =f(x) lién tuc va c6 dao ham trén I. Néu y = f(x) luén d6ng bién hodc luén nghich
biénthi f(u)=f(vV)=u=v

e) Dua védphuong trinh cadc phwong trinh dic biét

A=0

B=0

A=0

B=0

f) Phwong phap doi 1ap : Xét phuong trinh: f(x) = g(x) (1)

» , . Jfxy =M . fx)y=M
Néu ta chirng minh duwoc: {g(x) <M thi 1) < {g(x) Yy

g) Phwong phap phan tich thanh tich:

e Phwong trinh tichAB=0 < [

e Phwong trinh A2+B*=0 <:>{

vV=-a
uv+au+bv+ab=0<:(v+aﬂu+b):Ocz{ ]
U=-—
7.BAT PHUONG TRINH MU
Khi gidi cac bat phuong trinh mii ta can chd y tinh don diéu cta ham sé mdi.
{a >1
@O s g8 o | () >8(X)
O<axl
f(x)<g(x)

Chd y: Trong trudng hop co' sé a ¢é chira én sé thi:
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¥ >ad" S @-1)M-N)>0
8. PHU'O'NG TRINH LOGARIT:
8.1. Phwong trinh logarit co' ban: Véia>0,a=1: log, x=b < x=a’

8.2. Mdt séphuwong phap gidi phuong trinh logarit
8.3. Dang co’ ban
Dang 1: Phuong trinh dang log  f(x)=log g(x); O0<a=#1

Phuong phdp gidi:

_ f(x)=g(x)
log,, f(x)=log g(x)< {g(x) >0

Dang 2: Phuong trinh dang : log, f(x) =0
Phuong phdp gidi:

Phuong trinh log, f(x)=b< f(x)=a”
Dang 3: Phuong trinh c6 dang

log, f(x)=log, g(x) (0<a,b#1)

Phwong phdp gidi:

fx)=d

+) log, f(x) =log, g(x)<= { .
gx)=>b

Khir 4n x dé dua vé phuong trinh mii an t.
+) logf(x) g(x)=ae {g(x) - [f(x)]

J(x); g(x)>0; f(x)=1
Dang 4: Phuong trinh dang

r=1
# f(log,x)=0(0<az1) < {f(t)o:gfbx

t=log g(x)
+) fllog, g(x)|=0(0<a#1) < y
|log, g(x)]=0( ) £(1)=0
8.4. Mot sé@huwong phap gidi phwong trinh mii:
a) Phuong phap dua vé&ung co’ s6
Can nhd cac cong thirc bién déi sau:

m l n —
+ _ a - n —nx
1.a""=a"a" 2. 4""="— 3.a'=— 4. a"xz(ax) 5 a" =V\a* 6.a " =—

b) Phuwong phap légarit hoa
S&r dung mot s6 cong thire sau:

1. loga(x.y)zlogaerlogay (x,y>0,0<a¢1)2. loga(£j=logax—logay (x,y>0,0<a¢1)
y

3. log, x* =alog,x (x>0,0<a=1) 4.10gax:llogax (x>0,0<a#1lo#0)
a a

5. log,b=—<— (0<a,c#Lb>0) 6. logﬁxo‘:glogux (x>0,0<a¢l,[3¢0)
log. a a B

Cha y:log, x*" =2nlog, x| Vx#0
c) Phwong phap dat an phu
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+ Ddt an phu hoan todn:
Can nhé mot sb céng thirc sau:

log, b= log,.b

log.a
Dat r=1log, x . Mot s6 cong thirc bién doi

(0<a,c#1,b>0), log, x* :%logax (x>0,0<a=1p #0)

+ Ddt an phu khéng hoan todn

S dung biét thirc o cho tam thirc bdc 2 4n't, trong d6 ¢ = log, x dé phan tich thanh tich
d) Phurong phép sir@ung tinh do'n diéu cia ham sdd

Can nho:

+) a>1: Ham s6 y =log x dong biéntrén R, (nghfala: Néu 0 < x, <x, = log_x, <log_x, )

+) 0<a<1l: Ham s6 y =log_x nghich biéntrén R, (nghfala: Néu 0 < x, <x, = log_x, >log,, x,

+) Ham sd y :f(x) lién tuc, cé dao ham trén I.

-NE&u f'(x)>0 thi ham sé dong bién trén I;
-Néu f'(x)<0 thi ham sé nghich bién trén I.

+) Ham sd y =f(x) lién tuc va c6 dao ham trén I. Néu y = f(x) luén déng bién hoac luén nghich

biénthi f(u)=f(v)=u=v

1

u

+) Pao ham: (loga u)' = 1
uina

e) Phuwong phép d6i lap: Gid st can giai phuong trinh: f(x) = g(x) tachira: Jf(O=2M
g)ysM
gx)=M
f) Phwong phap phan tich thanh tich:

khi d6: f(x) = g(x) < {f (x)=M

uv+au+bv+ab=0 <:>(v+a)(u+b) =0 [V -
u=-b
Chuy:
e Khi gidi phuong trinh logarit cén chu y diéu kién dé biéu thirc cé nghia.
e Véia b c>0vaa b, czl: a°%C=clo%
9. BAT PHU'O'NG TRINH LOGARIT:
Khi gidi cac bat phuong trinh logarit ta can chu y tinh don diéu cdia ham s6 logarit.

{a >1
log, £(x)> log, g(x) & | L/ (V) > 8()>0
O<axl
{0 < f(x) < g(x)
Chd y: Trong trudng hop co' sé a cé chira én sé thi:
log, A

log, B>0< (a-1)(B-1)>0;
log,

>0 (A-1)(B-1)>0.

10. MOT SOBAI TOAN THYU'C TE
10.1. LAl DPON
S6 tién 13i chi tinh trén s6 tién gdc ma khéng tinh trén sé tién |13i ma sé tién gbc sinh ra
Cong thirc tinh lidon: 7, = M(1 + r.n)
V&i T, s6 tién ca von 1an 13i sau n ky han ;
M : s6 tién vén ban dau.
r : L3i sudt dinh ky ( tinh theo % )
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n : s6 ky han tinh 13i.
10.2. LAI KEP
S6 tién 13i khong chi tinh trén sé tién gdc ma con tinh trén sé tién 13i do sé tién gdc sinh ra thay d6i
theo tirng dinh ky.
a) Lai kép giri mdt lan :  Cong thirc tinh ldikép: 7, = M(1 + r)’
V&i Ta: s6 tién ca von 13n 13i sau n ky han ;
M : s6 tién vén ban dau.
r : L3i suat dinh ky ( tinh theo % )
n : s6 ky han tinh I3i.
b) L3i kép, gtri dinh kyd
*Trrorng hop 1 : Tién duoc givi vao cudi moi thdng
Cudi thdng thw nhét ngudi dé bat dau giritién : Ti=M

Cuéi thdng thi hai ngueido cé sé tién la : M(1 +r) + M = M[(1+r) + 1] = M[(1 +7)? —1]
r
I , NP / | 2 M 3
Cudi thdng thu ba ngudido co sé tién la : —[(1+r)” —1](1+r) + M= —[(1+r)” —1]
r r

Cudi thdng thir n ngudidé co sé tiénla : T, = %[(1 +r)" =1]
*Trworng hop 2 : Tién dwoc guvi vao ddu méi thdng
Cudi thdng thi n ngudidd co sé tiénla : T, = %[(1 +r)" =111 +7)
c) Vay tra@ép : Vay A, |di sudtr, s6 ki vay n, trd hangki: M
T,=A(1+r)" —%[(Hr)” -1
d) Tang lwong : Khai diém A, ti 1é tang hang ki : r, s6 1an tang lvong : n

. . A . s s O
Tongtién: T =—[(1+r)" —1] va tién lvong & ki ting lvong thi n 13 T = A(l + r)n
r
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II1. NGUYEN HAM, TiCH PHAN VA U’'NG DUNG TiCH PHAN

I. LI THUYET NGUYEN HAM, TiCH PHAN
1. Nguyén ham co’ ban

I(ax+b)a dx =

1 (ax+bju+l
- +c,00 #—1

jcos(ax+b)dx =lsin(ax+b) +cC
a

a\ a+1
dx 1 . -1
I :—ln|ax+b|+c +cC J.sm(ax+b)dx:—cos(ax+b)+c
ax+ a a
Ieax+b dx:le“x+b+c jtg(ax+b)dx:—lln|cos(ax+b)|+c
a a
J‘ma“bdx:;m““%rc fcotg(ax+b)dx=lln|sin(ax+b)|+c
alnm a
I dx =larctg£+c zd—xz_—lcotg(ax+b)+c
A+xr a a sin? (ax+b) @
I dx :ilna-'-x Zd—x=ltg(ax+b)+c
a—x* 2a la-x cos’ (ax+b) a
[ 2, 2
j dx zln(x+\/xzia)+c J-d—x:_llna+ rra .
\/xzira x,x2+a2 a X
I‘Lzllntgax+b+c J.ln(ax+b)dx=(x+éjln(ax+b)—x+c
sinlax+b) a a

e™ (acosbx + bsin bx)

Ie“x coshxdx = —
a +b

dx 1 ax+b
j —In

sin(ax+b) - a

tg

™ (asinbx —bcosbx)

Ie“x sinbxdx = -
a +b

=1In +C

dx X T
.[ tan| =+ —

X
=Inftan—|+C

J-dx

sin x

x+\/x2+a2 +C

cos x
J.\/x2+a2dx=§\/x2+a2 +gln

J.\/)cz—azdx:g\/xz—a2 —gln x+Vx?-d?

+C

2. Tich phan

e ChohamséfliéntuctrénKvaa, b € K. Néu F la mét nguyén ham cua f trén K thi:

b
F(b) — F(a) duoc goi | tich phén cta ftir a dén b va ki hiéu la f f(x)dx :

b
[ fx)dx = F(b) - F(a)

a

e DGi vdi bién sé 1@y tich phdn, ta c6 thé chon bét ki mét chi¥ khdc thay cho x, turc la:

b b b
[ fodx =] (o)t = | f(du=...= F(b)~ F(a)

e Y nghia hinh hoc:

Néu ham sé'y = f(x) lién tuc va khéng Gm trén doan [a; b] thi dién tich S cda hinh thang cong gidi han

b
béi db thi cia y = f(x), truc Ox va hai duong théng x = a, x = b la: |S = [ f (x)dx
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3. Tinh chét cuda tich phan

0 b a b b
o [f(x)dx=0 o [ fQx)dx=—] f(x)dx o [Kf(x)dx =k f(x)dx (k: héng s6)
0 a b a a
b b b b c b
o [[f)+gnldx = [ flx)dx+ [ gxdx o [ f(x)dx= [ fx)dx+ [ f(x)dx

b b b
o Néu f(x) 2 0 trén [a; b] thi [ f(x)dx >0 e Néu f(x) = g(x) trén [a; b] thi [ f(x)dx > [ g(x)dx

b
o Néum< f(x)<M trén [a; b] thi m(b—a) < j F(x)dx <M(b-a)

4. Phuong phap tinh tich phan

b u(b)
a) Phurong phdp déi bién s&: || f[u(x)]u'(x)dx = [ f(u)du| trong d6: u = ufx) c6 dao ham lién tuc

a u(a)
trén K, y = f(u) lién tuc va ham hop flu(x)] xdc dinh trén K, a, b € K.
b) Phwong phdp tich phén tirng phén

b b
4 4 Ve Y o Py N b
Néu u, v Ia hai ham s6 ¢é dao ham lién tuc trén K, a, b € K thi: judv = uv‘a _.[Vd“
a a

Chu y: — Can xem lai cdc phwong phdp tim nguyén ham.

b b
— Trong phwong phdp tich phdn tirng phén, ta cdn chon sao cho Jvdu dé tinh hon j udv.
a a

b
— Khi tinh I f (X)dx cdn chd y xem ham s6'y = f(x) 6 lién tuc trén [a; b] khéng ? Néu cé thi
a

dp dung phwong phdp da hoc dé tinh tich phdn. Néu khéng két luén tich phdn khéng toén tai.
Il. PHUO'NG PHAP TiNH TiCH PHAN
Phwong phap 1: Tinh tich phan bang phwong phap ddi bién

b b u(b)
Dang 1: Gid st can tinh tich phan: .[f(x)dx .Néu f(x)= f[u(x)].u'(x) thi : ff(x)dx = j f(u)du
a a u(a)

b
Dang 2: Gid st cén tinh tich phdn: j f(x)dx . Nhwng tinh theo dang 1 khéng duworc, luc ndy ta chuyén

a

vé ham lwong gidc. Ta thudng gdp cdc dang sau:

J\jaz — x2dx
J.;dx
Va? —x?

bat x :|a|sint hodc dat: x = |a|cost
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I\]az +x2dx

J‘;dx bat x = |a| tant  hodcddgt: x= |a|cott
a’+x°
1
——dx
J‘az +x?
I\/xz—azdx | | | |
1 pit x=—2 hogc dit x = —2
_[ dx sint cost
.X2 —612
DANG CACH DOI BIEN
[ f(ax+b)dx pit t=ax+b
[ " .x"dx Pt 1= x""
d.
ff(\/;)T); pit r=+/x
jf(sin x)cos xdx Pat r=sinx
jf(cos x)sm xdx bat r=cosx
jf(tanx ; f(tanx)(l+tan2 x)dx bat r=tanx
cos” x
jf(cotx) 5 ,jf(cotx)(1+cot2x)dx bt r=cotx
sin” x
jf(ex) e*dx Pt 1= e
jf(lnx)d—x Dit t=Inx
X
jf(xilj.(xilex Détt:xil
X X X

Phwong phap 2: Tinh tich phan bang phwong phap tich phan tirng phan

Vi P(x) la da thire Gn x, ¢6 cdc dang sau:

b b b b

IP(x).exdx IP(x).cos xdx IP(x).sin xdx JP(x).ln xdx
Dat u = P(x) P(x) P(x) Inx
Dat dv = o dx cos xdx sin xdx P(x)

Thir ty wu tién dat u trong phuong phdap Nguyén ham tirng phan:

A . sin x,cos x
Légarit — Pathic — [ .

e

IV. TICH PHAN HAM HO'U Ti

(Ham lugng giac)

(Ham mu)
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- Logi 1: Néu bdc cta P(x) > bdc ctia Q(x) thi ta thuc hién phép chia da thirc.
- Logi 2: NEu béc cua P(x) < bac cua Q(x) va Q(x) c6 dang tich nhiéu nhén tw thi ta phdn tich f(x)
thanh téng cda nhiéu phdn thire (bdng phwong phdp hé s6 bat dinh).
Cdc dang dlung phééng phalp hed sod badt ionh thwong gap:

Dang 1: M3u s6 cé nghiém don:

P(x) _ P(x) _ A N B
O(x) (x—a)x-b) x—a x-b
P(x) _ P(x) A N B C

O(x) (x—a) x-b)(x—c) - x—a x—b+(x—c)

Dang 2: Mau s6 cé nghiém don va bac 2 vo nghiém:
P(x) P(x) A N Bx+C

= = ViA=b*—4ac<0
Q(x) (x—m)(ax2+bx+c) x=m  gx?4bx+c

Dang 3: Mau s6 cé nghiém boi:

P(x) _ P(x) _ A N B
Q(x) (x—a)2 (x—a)2 r-a
P(x) _ P()c)3 _ A _+ B - C
Q(x) (x—a) (x—a) (x—a) x—a
P(x) P(x) A B C D
= = + + +
0(x) (x—a)’(x—b)? x—a (x—a)® X—b (x-b)®
P(x) P(x) A, B _C D E

= = + +

0) (x-a)Y(x-by x-a (x-—a) x-b (x-b? (x-b)
- Loai 3: Mot s& nguyén ham ta dung phuong phap ddi bién hodc tirng phan
V. TiCH PHAN HAM VO Ti

+ Dang 1: f(x)zR(x,m ax-i-SJ — dat: t:m‘faerz
cx+ cx +

+ Dang 2: f(x):R[;J —dat:r=x+a+VJx+b
J(x+a)(x+b)

+ Dang 3: f(x)=R(x,\"/ax+b,m\/ax+b) —dat: t=""ax+b
JVaz—xzdx

+ Dang 4: 1 bat x:|a|sint, —EStSE hoaéc: x:|a|cost, 0<t<mn
[——=udx 2 2
2 2
a“—x
I\/a2+x2dx . .
+ Dang 5: J. 1 bat x:|a|tant, _E<t<5 hoaéc: x:|a|cott, O<t<m
——dx
a* +x?
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/a+x
_[ — —dx
+ Dang 6: a-x DGt x =acos2t

+ Dang 7: _[J(x—a)(b—x)dx Détx=a+(b—a)sin2t

VI. TiCH PHAN HAM LUQONG GIAC

J sin ax.sin bxdx
Dang 1: Cac dang: Jsin ax.sin bxdx
j sin ax.sin bxdx

cosa.cosb = %[cos(a - b) + cos(a + b)]

Phwong phép giai: Dung céng thire bién déi thanh téng: {sina.sinb = %[cos(a - b) - cos(a + b)]
. 1
sina.cosb = E[S )

in(a—b +sin(a+b)]
_ Isin” axdx
Dang 2: {[ cos” axdx (n - N)

+V&inléd j sin” axdx = j sin™ ! ax. sin axdx =_[ sin ! ax.sin axdx

n-l n-l
_ .2 2 . _ 2 2 : 4.
= |(sin” ax .sinaxdx =|(1—cos” ax .sinaxdx. Dat:u=cosx

j cos” axdx . Phdn tich nhu trén sau dé dét: u=sin x

L. g ) N , R 1+cos2ax . 1—cos2ax
+ V@i n chan: St dung céng thirc ha bac: cos’ ax = T ; sin® ax = T
Dang 3: Isin” ax.cos” axdx (n, m e N)
+Vé&in lédhay m 1é6: n1édDat u = cosax ; mlédDat u = sinax
+Vé&invamchan: S dung cong thirc ha bac:
5 1+ cos2ax .2 1—cos2ax . 1.
cos“ax=———; sin“ax=—————; SsinXx.CoSx=—sSIn2x
2 2 2
( 1
Dang 4: 1+ c?sax
—dx
1—cosax
2 ax 2 ax

Str dung céng thurc: 1+ cosax =2cos > va 1—cosax =2sin >
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) ) T
sina*cosa= 2sm(aizj

- , ) T
Cannhd: <sina-+cosa=+2 cos(a —Zj

) b
sina+cosa =—2 cos a—Zj
1
Jo—dx
Dang 5 sinax .
ang 1
[——dx
cosax
sinax sinax
Phwong phap: j - dx-j dx j—dx Dat u=cosx
2
siax sin” ax 1—cos” ax
1 )
I dx = J.cosaxd I cosc;x dx .Dat u=sinx
cosax cos’ ax 1—sin” ax
1
[ —dx
Dang 6: smlax (neN)
[——ax
cos” ax
Phuwong phap:
1 1 "2y
dx:j > dx=j(1+tan2ax) 2, dx ;Dat u=tanax.
sin” ax 5 "2 sin” ax sin” ax
(sin ax)
n-2
1 1 1 - .
dx=j 5 dxz_[(1+cot2ax) 2 ! dx; Pat u=cotax
cos” ax 5 " cos” ax cos” ax
(cos ax)

_ Itan” axdx
Dane 7: Icot” axdx (n - N)

Phwong phap: + Bién d8i sao cho tan’ ax lam thira s6 chung

1
+ Thay : tan’ ax = -1
cos” ax
tan”
ax .
Dang 8: { COS ax (neN) . Phuong phap: dat u =tanax hodc u=cotax
cot” ax
dx
sin” ax
dx

Dang 9: f

a.sinx+b.cosx+c
Cach 1: Phuong phap chung:
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2dt
{dxz 5
bat: t:tanf = I+t )
2 ) 2t -
sinx = S COsSX = >3 tany=—-
1+7¢ 1+1 1-t
Cach 2: Phuong phap rieng: Néu c=va’ +b° .
B 1 1 1 1
Ta co: — b = =2—. .
asinx+bcosx+c c[1+cos(x—oc)} C ol X

Trong dé : sina = cosa =

a ) b

Khidé:I:ijLzltan Al FFe
2c 2X—0 ¢ 2
COoOS —

Dang 10: Ja.sinx+b.cosxdx
) “Jesinx+d.cosx

a.sinx+b.cosx A+ B(c.cosx—d.sin x)
c.sinx+d.cosx c.sinx+d.cosx

Sau dé dung déng nhat thirc tim A, B.

Phuwong phdp: Phan tich

a.sinx+b.cosx+m
Dang 11: j : dx
c.sinx+d.cosx+n

Phuong phap:

Phan tich

a.sinx+b.cosx+m:A+B(c.cosx—d.sinx)+ C
c.sinx+d.cosx+n csinx+d.cosx+n c.sinx+d.cosx+n
Sau d6 dung dong nhat thirc tim A, B, C.

dx
sin(x+a)sin(x+b)

Dang 12: f

Ta thuc hién theo cac budc sau :

+ Budc 1: S dung dong nhat thirc: 1= sin(a—b) = sin[(x+a)—(x+b)}

sin(a-b) (a-b)

+ Budc 2: Taduoc :

I dx ~ 1 J‘sin[(x—a)—(x—b)]

- sin(x+a)sin(x+b)

sin(x+a)sin(x+b) sin(a—b) dx

sin(x+a)cos(x—b)—sin(x—b)cos(x—a)

__ 1 [ dx
sin(a—b) sin(x+a)sin(x+b)
__ 1 .[Cf)s(x+b)dx_0f>s(x+a)dx
sm(a—b) sm(x+b) sm(x+a)
_; . B . B 1 |sin(x+b)|
= sin(a—b) [ln‘sm(x+b)‘ ln‘sm(x+a)u = sin(a—b)ln‘sin(vaa)‘JrC
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* Chu y: phworng phdp trén ciing dwo'c ap dung cho cdc dang tich phédn sau :

dx , . L sin (a b)
f )

st* dung dong nhat thirc: 1=

cos(x+a)cos(x+b) s1n( -b
dx o cos(a=b)
'[sin(x+a)cos(x+b) str dung dong nhat thirc: 1= cos(a—b) .
Dang 13: J.L
sin x +sino

* DUng cdng thirc téng thanh tich bién d&i vé dang 12 rdi giai binh thudng.
* Chuy : Phuong phap trén cling ap dung cho cac dang tich phan sau :
sin x +m

7
COsx +cosa cCosSx+m

a, sin” x + b, Sin x cos x + o cos’ x
Dang 14: I

X .
a, smx+b2 COS X

+ Bién déi :

a, sin” x + b1 Sin x cos x +¢ cos® x = (A sin x + B cos x)(a2 sin x + b2 cosS x) + C(sin2 X +cos’ x)

(A sin x + B cos x)(a2 sin x + b2 cos x) + C(sin2 X +cos> x)

+ Khi do: | :
a251nx+b2 cos x
. d
=_[(As1nx+Bcosx)+Cf - al
a, sin x + b, cos x
. C dx . C x+a
=—Acosx+Bsinx+ I ( =—Acosx+Bsinx+ In|jtan 2 |+C
2 27sin|lx+a 2 2
\/a2+b2 ) \/a2+b2
b a
Trong dé : sina =——2 . cosq=———=t .
ﬂa§+b22 ,/a§+b§
dx
Dang 15: j
.2 . 2
asin” x+bsin xcosx +ccos” x
g d d
+ Bién doi vé dang : I a =J a
.2 . 2 2 2
asin” x+bsin x cosx +ccos” x (atan x+btanx+c)cot X
. 2 dt
+D3t: (=tanx = di =— dx=(1+tan x)dx: 142 )dy o dv =2
cos” x 1+£2
dx dt
+Khi dé | . —=]— .
asin® x+bsin xcosx+ccos” x at“ +bt+c
Dang 16: A1.1 =_|'(sinx)Il dx ; Al.zj(cosx)Il dx
1. Cong thirc ha bac
.2 1—cos2x ) I+cos2x . 3 —sin3x+3sinx 3 cos3x+3cosx
sin sz;cos x:T;sm x= 1 ; COS x:f
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2. Phuwong phap

2.1. Néu n chan thi st dung cong thirc ha bac

2.2. Né&u n = 3 thi st dung cong thirc ha bac hodc bién d6i theo 2.3.
2.3. Néu3 <nlé (n=2p+1) thi thyc hién bién d6i:

A1.1 = J'(sinx)n dx = j(sinx)zml dx = .[(sin x)2p sin xdx = —J'(l —cos? x)p d(cos x)

——J[CO C1 cos® x+...+(— 1) Ck(coszx)kJr +(=1)” C”(cos x) }d(cosx)

!
| 0 cosx—Lct cos3x+...+(_1) c* (cosx)2k+l+...+(_1) e (cosx)"* |+c
r 3 P 2k +1 P 2p+1 p

A,= I(cosx)n dx = J.(cosx)2er1 dx = I(cos x)2p cos xdx = I(l —sin? x)p d(sin x)

_J[CO C1 sin” x+.. (= 1) Ck(smzx)k+ A= 1) Cp(sm x) }d(smx)

k

- 2k+1 — 2p+1

= Cosinx—lCl sin3x+...+ﬂCk(sinx) i +...+( 1) C”(sinx) P +c
P 37 2k+1 P 2p+1 °

Dang 17: B= jsinmx cos"xdx (m, neN)

1. Phuwong phap:

1.1. Trworng hop 1: m, n la cdc sémguyén

a. Néu m chan, n chan thi st dung cdng thirc ha bac, bién déi tich thanh téng.
b. Néu m chan, n & (n =2p +1) thi bién déi:

2p+1

B= I(sinx)m (cosx) dx = I(sin x)m (cos x)2p cosxdx = j(sin x)m (1 —sin? x)p d(sin x)

k
=J(sinx)m[C2—Cll]sinzx+...+(—1)k Ck(sinzx) R () L Cp(sm x) }d(smx)—
2k+1+m

( . )m+1 ( . )m+3 ( ) ( )2p+1+m
CO Sin x —Cl sin x ( 1) Ck sin x +( l)p Cp sin x te
P om+1 P m+3 P 2k+1+m P 2p+1+m

c. Néu m chan, nlé (n =2p +1) thi bién déi:

B= j(sinx)zml (cosx)n dx = J'(cosx)n (sin x)2p sin xdx = —.[(cos x)n (1 —cos? x)p d(cosx)

=—I(cosx)n{C2—C;coszx+...+(—l)kCl;(cos2x) Fo+(= 1) C”(cos x) }d(cosx)_

n+l 2k+1+n 2p+l+n
eoleos)™ L Geos)™ e feos) L) o (eos) }c

n+3

P op+l P n+3 P 2k+1+n P 2p+l+n
d. N&u m |&, n | thi sir dung bién d6i 1.2. hodc 1.3. cho s& mii |é bé hon.
1.2. Néu m, n la cdc sé hivu tidhi bién déi va ddt u = sinx ta co:

n-l1 m—1
B:jsinmxcos" xalxzj‘(sinx)m(cos2 x) 2 cosxdxzjum(l—uz) 2 du (*)
m+1 n—-1 m+k

e Tich phéan (*) tinh duoc <> 1 trong 3 s6 5 ; 5 ; 5 Ia s6 nguyén

Dang 18: C, , =.[(tg x)n dx;Cy , =.[(cotg x)n dx (neN)

1. Cong thirc sir dung
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. I(1+tg2 x)

d.
);x =Id(tgx)=tgx+c

.I(1+c0tg2x)dx=—j dx z—jd(cotgx)z—cotgx+c
sin® x
Itgxd J-smx :—jmz—lnkosxhc
cosx cosx
o Icotgxdxzjc?sxdx:J‘d(éinx) :1n|sinx|+c
sin x sin x

Dang 19: D

) gy, pleoted)”
4.1 n >T4.2 . n
(COS X) (smx)

1. Phwo'ng phap: Xét dai dién D, , =j (tgx) - dx
(COS X)
1.1. Néu n chén (n = 2k) thi bién déi:

o= B e (] "’; fliex)" (1) dliex)

(cosx) cos” x cos” x

m+l m+3 m+2p+1 m+2k—1
t t t gt
—C,?_l—( 2x) +C}_, (tgx) ™~ +..+CP —( ) C,’j_ll —( 2x) —+c
m+1 m+3 m+2p+1 m+2k—-1
1.2. Néum Ié, n 1é¢m = 2k +1, n = 2h +1) thi bién déi:
(tgx)2k+1 w1 Y tg x ( 2 )k 1YY" sinx
—.[de='[(tgx) — | ——dx= .[tg x 5 dx
(cosx) cosx/ cosx cosx/) cos” x

k 2h
k 1
=j[ ! —1}( ! j d( ! j=j(u2—1) Py (& day u=——)
cos? x COS X COS X CoS X

= [u? [c,? @) —c () o ) e () s (D) C,f}du

2k+2h+1 | ke » L 2k2h=2p+l kg ud!
=C} -C} et (D) O 1+ (1) ¢ +c
2k +2h+1 2k +2h— 1 2k+2h—-2p+1 2h+1
1.3. Néu m chdn, n 1é (m = 2k, n = 2h + 1) thi si¥ dung bién doi:
2k 2k
B (tgx) B (sinx) cosx .. _ (smx) . N
D, —j S —f 2(k+h+l) j . 1d(smx),(u—smx)
(cosx) (cosx) 1—sin x)
D - u* du _ u* 2 [1—(1—142)]6{ _ w2 du w2 du
4.1 _I 5 \erhl _I 5 \erhl ”_I 5 \erhl B 5 \eHh
(1—u ) (l—u ) (1—u ) (1—u )

Hé thirc trén 13 hé thire truy hoi, két hop vdi bai tich phdn ham phan thirc hiru ti ta c6 thé tinh duorc
Da.1.

Dang 20: Sir dung cong thirc bién ddi tich thanh téng

1. Phuwong phap:
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Es, =j(cosmx)(cosnx)dx=%I[cos(m—n)x+cos(m+n)x]dx
Es , = [ (sinmx)(sinnx) dx = %f[cos(m—n)x—cos(m+n)x]dx
Eg = [(sinmx)(cosnx) dx = %I[sin(m+n)x+sin(m—n)x]dx
E , = [(cosmx)(sinnx) dx :%I[sin(m+n)x—sin(m—n)x]dx

VI. TiCH PHAN HAM CO CHU'A TRIFUYET DOI
b

Dang 1: Gia st can tinh tich phan I = ”f(x)‘dx , ta thyc hién cac budc sau:
a

+ Bwédc 1. Lap bang xét dau (BXD) cha ham sé f(x) trén doan [a; b], gia st f(x) c6 BXD:

X | a X, X, b

f(x)‘+0—0+

b X, x, b
+Budc2. Tinh 1= [|f(x)dx = [ f(x)dx— [ f(x)dx+ [ f(x)dx.

X X.

1 2

Dang 2: Gia st can tinh tich phan [ = .lf[‘f(x)‘i‘g(x)u dx , ta thyc hién:

Cach 1. Tach [ = f“f(x)‘ i‘g(x)u dx = ﬁf(x)‘ dx iﬁg(x)‘dx roi sir dung dang 1 & trén.

Cach 2.
Buwdc 1. Lap bang xét ddu chung cda ham s6 f(x) va g(x) trén doan [a; b].
Buwdc 2. Dya vao bang xét diu ta bd gid tri tuyét déi cda f(x) va g(x).

b b
Dang 3: DE tinh cac tich phan I = [max {f(x), g(x)}dx va J = [min{f(x), g(x)}dx, ta thuc hién

a a
cac budc sau:
Budrc 1. Lap bang xét ddu ham s6 h(x) = f(x)—g(x) trén doan [a; b].
Bwérc 2.

+Néu h(x)>0 thi max{f(x), g(x)| = f(x) va min{f(x), g(x)} = g(x).
+Néu h(x) <0 thi max{f(x), g(x)} = g(x) va min{f(x), gx)} = f(x).

VII. TICH PHAN MOT SO&AM DAC BIET

1. Cho ham s8 y = f(x) lién tuc valé trén doan [ —a; a | . Khido: I = [ f(x)dx=0.

—da

a a
2.Chohamsé y= f(x) lién tuc va chdn trén doan [—a; a] .Khido [I-= I f(x)dx =2If(x)dx.
—a 0
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o o
3.Chohams8 y= f(x) lién tuc va chan trén doan[—a :OL]. Khi dé: '[ de = 1 _[ f(x)dx
Spat+l1 25
Y T

2 2
4. Cho f(x) lién tuc trén doan [o;ﬂ Khidé: [ f(sinx)dx = [ f(cosx)dx.
0 0

b b
5.Ham s6 f(x) lién tuc trén [a;b] Khi dé: J'f(x)dx =.[f(a+ b—x)dx

b b
6. Ham sd f(x) lién tuc trén [a;b] thod man: f(x)= f(a+b—x) thi Ixf(x)dx =%J.f(x)dx

a

Nhan xét : Bang cach lam tuong ty ta ¢ cac cdng thirc

; T TCTC—OC
*Néu f(x) lién tuc trén [ 0:1]thi | o (sinx)dx = — [ f(sinx)dx
(03 (03

21— 21—
*Néu f(x) lién tuc trén [ 0;1]thi [ xf(cosx)dv=n [ f(cosx)dx
o o

VIil. ’'NG DUNG CUA TiCH PHAN
1. Dién tich hinh phang

Dang 1: Cho ham s6 y=f(x)|ién tuc trén [a;b]. Khi d6 dién tich hinh phang gidi han bdi d6 thi

ham s6 y=f(x),truc0x(y=0)vé hai duong thang x =a va x=b la:

b
S = [|£(x)|dx

©):y=1(X)

Phwong phadp gidi:
Buwdre 1. Ldp béng xét ddu ham sé y = f(x)trén dogn [a;b].

b
Bwé'c 2. Dwa vao bdng xét d@u tinh tich phén : ”f(x)‘dx .
a

b
Chu y: cé 2 cach tinh tich phan ”f(x)‘dx
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b
[ f(x)dx

b
+ Céch 1: Néu trén doan [ ;b | ham s3 f(x) khong d6i dau thi:  [[£(x)ldx =
a

+ Cach 2: Lap bang xét ddu ham sé f(x) trén doan [a;b] roi khir tri tuyét déi.

Dang 2: Cho ham s6 x =f(y) lién tuc trén [a;b]. Khi d6 dién tich hinh phang gidi han bdi do

thi ham s& x:f(y),truc Oy (x=0) va hai duong thdng y=a va y=> la:

b
S=[|ro|ay

S T

Q

@)

2. Dién tich hinh phang
Dagg 1: Cho 2 ham s6 y=f(x) va y=g(x) lién tuc trén [a:b]. Khi d6 dién tich cda hinh

phing (H) giéi han bdi db thi hai ham s& y=f(x) va y=g(x) va hai duong thing x=a va x=b

la:

b
S= Hf(X) - g(x)\dx

C):y="1(x)
(C):y=9(x)

X

Phwong phdp gidi:
Bwdrc 1. Lap bdng xét ddu ham sé f(x) —g(x) trén doan [a;b].

b
Bwéc 2. Dwa vao bdng xét ddu tinh tich phén Hf(x) - g(x)‘dx.

a

Dang 2: Cho haiham s6 y =f(x) va y= g(x) lién tuc trén [a;b]. Dién tich hinh phang gidi han

p
bdi cac duong yzf(x) va yzg(x) la: Szj‘f(x)—g(x)‘dx .
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Trong d6 o, la nghiém nho nhat va I&n nhat cda phuong trinh f(x) = g(x) (a <a<B< b)
Phwong phdp gidi:
Bwdrc 1. Gidi phuong trinh f(x) —g(x) =0. Gid st ta tim duwoc a.,B la nghiém nhé nhét

va Ién nhét cua phuwong trinh (a <a<B< b).

Bwdrc 2. Lap bdng xét ddu ham sé : f(x) —g(x) trén doan [(X; B ]
] B
Bwdrc 3. Dya vao bdng xét ddu tinh tich phdn: Hf(x) - g(x)‘dx .
o

Daidg 3: Cho hai ham sé x:f(y) va x:g(y) lién tuc trén [a;b] Khi dé dién tich cda hinh

phang (H) gi¢i han bai d6 thi hai ham s6 x:f(y) va x:g(y) va hai duong thang y=a va y=»b

la:
b
Szﬂf(y)—g(y)\dy y (C)):x=g(y)
a
b ——\y=b
a P-.-".-".- y:a
I X
o) \
(C):x=f(y)
Phwong phdp gidi:

Bwérc 1. Ldp bdng xét ddu ham sé f(y) —g(y) trén doan [a;b] )
b

Budc 2. Dua vao bang xét déu tinh tich phan [|f(y)—g(y)|dy .
a

Dang 4: Cho hai ham s6 xzf(y) va ng(y) lién tuc trén [a;b]. Dién tich hinh phang gi¢i han

B
béi cac duong x = f(y) va x=g(y) Ia: |S= [|g,(3)—g,(»)|dv|.
o

Trong do6 o, 1a nghiém nho nhat va I&n nhat cia phuong trinh f(y) = g(y) (a <a<P< b)
Phwong phdp gidi:
Bwdre 1. Giai phwong trinh f(y) —g(y) =0. Gig st ta tim dugc o, Ia nghiém nhé nhat

va Ién nhdt cua phwong trinh (a <a<B< b).

Bwérc 2. Lap bdng xét dGu ham s6 : f(y) —g(y) trén doagn [oc; B ]

B
Bwédrc 3. Dura vao bang xét ddu tinh tich phén: ”f(y) - g(y)‘dy .
a
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Dang 5: khi tinh dién tich gi¢i han 3 ham s6&r&dén thi phwong phap chung la vé dodhi réi dwa

vao doahi déainh.

Cdch tinh gidi han cia 3 ham sé: Cho 3 ham sé y =f(x), y =g(x) vay =h(x) lién tuc trén

[a;b]. Khi dé dién tich cta hinh phang (H) giéi han bdi d6 thi 3 ham s6 y:f(x) , y:g(x) va

y :h(x) la:

Véi:  + x; la nghiém phuong trinh: f(x) =g(x)
+ x, la nghiém phuong trinh: f(x) = h(x)
+ x5 la nghiém phuong trinh: h(x) zg(x)

Trong d6: a < x; <x, <xy<b

Tém lai khi gidi toan ta thwong gap cac dang sau:

y=f(x)
1. Dién tich S ctia mién gidi han: y=0
x=a,x=>b
y=f(x)
2. Dién tich S cda mién gidi han: < y = g(x)
x=a,x=>b
x=f(y)

b

= 8 =[] f(x)ldx

b

=8 = [|£(x)- g(x)ldx

a

b

3. Dién tich S ctia mién gi¢ihan: < x=g(y) = S= Hf(y) - g(y)|dy

y=a;y=>b

Chuay:

a

1. P& tinh dién tich S ta phai tinh tich phan (1) , muén vay ta phai “phad” dau gia tri tuyét dai .

e N&u f(x)=0 ,Vxe [a;b] thi S:ﬁf(x)\dx=lff(x)dx

e N&u f(x)<0 ,Vxe [a;b] thi S:lf\f(x

b
)‘dx = f(—f(x))dx

a

4 Muén “phd” diu gia tri tuyét ddi ta phai xét ddu cla biéu thirc f(x) . Thwdng cé hai cach lam

nhu sau :

-Cdch 1: Dung dinh li “d4u cta nhj thirc bat nhat” , dinh li “d4u cla tam thirc bac hai” dé xét dau

cac biéu thirc f(x) ; doi khi phai gidi cac bat phwong trinh f(x) >0 , f(x) < 0 trén doan [a ; b]

-Cdch 2: Dwa vao dé thj cia ham sé 'y =f(x) trén doan [a ; b] dé suy ra dau cla f(x)

trén doan do .
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e N&utrén doan [a; b] d6 thi ham s6 y = f(x) nam phia “trén” truc hoanh thi
f(x)=>0 ,Vxe [a ;b]
e N&utrén doan [a; b] d6 thi ham s6 y = f(x) nam phia “duwéi” truc hoanh thi

f(x)<0 ,Vxe [a;b]

b b
-Cdch 3 Néu f(x) khong déi dau trén [a; b] thitacd: S = ”f(x)‘dx = '[f(x)dx
a a

2. N&u phuwong trinh f(x) =0 cé k nghiém phan biét x;, X2, ..., Xk thudc (a; b) thi trén mbi khodng
(@;x1), (X1;%2), ..., (¢ ; b) biéu thire f(x) cé dau khong déi .

b
Khi d6 dé tinh tich phan S =ﬂf(x)\dx ta c6 thé tinh nhu sau :

b x, X, b
S:ﬂ f(x)\dx: [ Feoax|+|[ feodx|+...+| [ f(x)dx

1 Xk

2. Tinh thédich khdi tron xoay khi quay hinh phang quay quanh truc Ox, Oy

Dadg 1: Thé tich cla vat thé tron xoay khi cho hinh phdng gidi han bdi cac dwong y = f(x) , truc Ox

b
va hai duongthang x=a va x=b (a<b)quay xung quanh truc Ox la: [V, :nj[f(x)]2 dx|.
a

(©):y=1(x)

Chiy: Himsd y :f(x) >0 Vx e[a;b] va lién tuc trén doan [a;b].

Dafg 2: Thé tich cla vat thé tron xoay khi cho hinh phang gidi han béi cac duong x = f(y) , truc Oy

va hai duongthang y=a va y=»> (a<b)quay xung quanh truc Oy la: VOy :nf[f(y)]z dyl|.

y
bi>—— y=>b
X=017 7 o (C):x=0(y)
(frla
al y=a
ul X
0
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Chay: Ham s6 x :f(y) >0 Vy e[a;b] va lién tuc trén doan [a;b].
Dang 3: Cho hai ham s6 y =f(x) va y =g(x) lién tuc, cung dau trén doan [a;b]. Hinh phang gidi

han b&i d6 thi cla cdc ham s6 trén va hai duong thing x=a va x=b (a<b) quay xung quanh

[r()] -[e()]

Dang 4: Cho hai ham s6 xzf(y) va ng(y) lién tuc, cung ddu trén doan [a;b]. Hinh phing

dx

b
truc Ox tao nén mot khaoi tron xoay cé thé tich la: VOX :nf
a

gidi han béi d6 thi clia cac ham s6 trén va hai dwong thang y=a va y=»b (a< b) guay xung quanh

[r(0)] ~[e0)]

dx

b
truc Ox tao nén mot khadi tron xoay cé thé tich la: Voy :ch.
a

Tém lai khi gidi toan ta thwong gap cac dang sau:

y=f(x)
1. Thé tich cda khéi tron xoay sinh ra khi quay mién gidi han cdc dudng sau: y=0 quanh Ox
x=a,x=>b
b
métvong la : Vi, =m [ f7(x)dx.
a
y=f(x)
2. Thé tich cta khéi tron xoay sinh ra khi quay mién gidi han cdc dworng sau:y y = g(x) quanh Ox
x=a,x=>b
b
mét vong la : Vox =T ”fz (x) - g2 (x)‘.dx .
a
x=f(y)
3. Thé tich cta khéi tron xoay sinh ra khi quay mién giéi han cdc dudng sau: x=0 quanh Oy
y=a;y=>b
b
maét vong la : Voy = TEJfZ (y).dy.
a
x=f(y)
4. Thé tich cda khéi tron xoay sinh ra khi quay mién gidi han cdc dudong sau:s x=g(y) quanh Oy
y=ayy=>b

b
mét vong la : Voy =1‘C”f2 (y)—g2 (y)‘.dy.
a
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PHAN IV. SO PHUC

1.SO PHUC
1. Khai niém sé phiic

+ S6 phiic (dang daisd) : z = a + bi; (a,b € ]R) . Trong d6 : a la phan thuc,

b 14 phan ao, i 1a don vi ao, 7° = —1.

+ Tap hop s6 phtc ki hiéu: C.

+ z 14 s6 thuc < phan ao ctia z bang 0 (b = O).

+ z 1a s6 2o (hay con goi 1a thuén ao) <> phéan thuc bang 0 (a = 0) .

S6 0 vira la s6 thuc vira 1a s6 ao.
2. Hai s6 phiic bang nhau
Hai s6 phtic z = a + bi (a, be R) va z, = c+di (c, de R) bang nhau khi phan thyc va
phan ao cta ching tuong duong bang nhau.
a=c

Khi d6 ta viét z = z, ©a+bi:c+di©{b_d
3. Biéu dién hinh hoc s& phiic

S6 phtic z = a + bi (a, be ]R) duge bidu didn béi diém M(a;b) v

oe . 2 , PR " M (a;b
hay boi u = (a;b) trong mét phang phtc véi hé toa d6 Oxy . @b

=y

4.S6 phic lién hgp ©
86 phtic lién hop ctia 2 =a +bi (a, be R) laz=a—bi.

Mot s6 tinh chat:

+zlasdthuc < 2=7; z1asda0 z=-2.
5. Modun cua s6 phic

D6 dai ctia vectd OM dugc goi 1a moédun ctia s6 phitc 2 va ki hidu 1a ‘z‘ .

Vay ‘z‘ = ‘O—M‘ hay ‘z‘ = ‘a+bi‘ = ‘OM‘ = \/a2 +0°.
Mot s6 tinh chat:

+ld=a? +0* =z =loml ;

z

=|4
+|z|20,‘v’ze(C; ll=0< 2z=0.
1
+ ‘21'22‘ :‘ZIHZQ‘; = ; - == ;
22 ZQ 2’2 ‘Z2‘

+

— < + <
ol =l <l £ 2] <[]+
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II. PHEP CONG TRU NHAN CHIA SO PHUC
1. Phép cong va phép trit sé phiic
Cho hai s¢ phitc 2, = a+bi (a, beR) va 2, =c+di (c, d e R). Khi do:
+t 2tz :(a+c)i(b+d)i
+ 86 do6icua soé phiic z =a+bi 1A —2 = —a —b3.
+ Téng ctia mdt s6 phiic véi s6 phiic lién hgp ciia né bing hai 14n phan thuc cta s6 thuc
d6: z = a+bz’,z+; =2a.
2. Phép nhan s6 phitic
+ Cho hai sg phitc 2, = a+bi (a, beR) va 2, =c+di (¢, d e R). Khido

2z, = (a + bz’)(c + dz’) =(ac — bd) + (ad + bc)i .
+ V61 moi s6 thuc k& va moi s6 phtic z =a + bi (a, be ]R) , ta co
k.2 = k.(a+bi) = ka + kbi.
Dic biét: 0.z = 0 v6i moi s6 phiic z.
+Laythttacaa i : 3" =1, ' =4 ©=-1 4 =¢4=—
it=1 =g, == " =— VneN.

3. Chia hai s6 phiic

. . s , < e 1 _
S6 phtic nghich dao ctia z khac 0 lasd 27 = —Z

2z
| | s !

. s N N N - Z . .

Phép chia hai s6 phtic z' va z#201a = =2'2" = =—.

z

III. TAP HOP DPIEM BIEU DIEN SO PHUC

Mbét s6 tap hop diém biéu dién s phiic z thusng gip:
+ az + by + ¢ = 0 =tap hop diém 14 duong thing
+ 2 =0 = tap hop diém la truc tung Oy
+ 1 = 0 = tap hop diém 1a truc hoanh Ox

+(z—a) +(y—b) < R* = tap hop diém 1 hinh tron tam I(a;b), ban kinh R

(x—a)2+(y—b)2 =R
7'+ —2ax —2by+c=0

+ = tap hop diém 1a duong tron cé
A - . 2 2
tam I(a;b),bankmth a+b —c
+ x>0= tap hop diém 1a mién bén phai truc tung
+ y < 0 = tap hop diém 14 mién phia dudi truc hoanh

+ 2 < 0= tap hop diém 1a mién bén trai truc tung
+ y >0 = tap hop diém la phia trén truc hoanh
+

y = axr’ + bz + ¢ = tap hop diém la dudng Parabol

2 2
+ 4 22_2 =1 =tap hgp diém la ducng Elip
a
oy
+ - b_2 =1 = tap hop diém la dusng Hyperbol
a
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IV. PHUONG TRINH BAC HAI VOI HE SO THUC

a. Can bac hai ctia s6 thuc Am
+ Cho s6 z, néu c6 s6 phiic z, sao cho zf = z thita néi z 1a mot cén bac haicta z.
+ Moi s6 phtic z # 0 déu c6 hai cin bac hai.
+ Can bac hai ctia s6 thuc zam la i—i\/M.

Téng quat, cac can béc hai clia s6 thuc a am 1a +i, Ma‘ .

b. Phuong trinh bac hai vé6i hé s6 thuc
Cho phuong trinh bac hai az” + bz + ¢ =0,Va,b,c € R,a # 0. Xét biét s6 A = b* — 4ac cla
phuong trinh. Ta thay:

. . b
+ Khi A =0, phudng trinh ¢6 mdt nghiém thuc z = —2—.
a

b+JA

+ Khi A > 0, phuong trinh ¢6 hai nghiém thuc phan biét z , = 5
’ a

b+ A

+ Khi A <0, phuong trinh ¢6 hai nghiém phtic z , = 5
’ a

BAI TOAN LIEN QUAN PEN MAX - MIN MO PUN SO PHUC

Z, T
max‘z‘ ==+ —
al 4|
+ Cho s6 phtic z thoa méan ‘zl.z+z2‘:r, (r>0)
zZ
mln‘z‘ = -—
al 4|
+ Cho s6 phtic z thda man ‘zl.z—zz‘ :1’1,(1'1 > 0).
2 s s 2 N
max P =|—=—z|+— vamnP =|—=-z|——
a |k a |l

+ Cho s6 phtic 2z théa man ‘zl.z + 22‘ + ‘zl.z - 22‘ =k, (k: > 0).

{1

max‘z‘ — va mm‘ ‘ ‘ ‘
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PHAN V. KHOI DA DIEN

I- KHAI NIEM VE HINH DA DIEN VA KHOI DA DIEN:
1. Khai niém vé hinh da dién:
e Hinh da dién (goi tit 1a da dién) la hinh duoc tao bdi mot s6 hiru han cac da giac thoa
man hai tinh chat:
a) Hai da giac phan biét chi c6 thé hodc khong c6 diém chung, hoac chi c6 mot dinh
chung, hoac chi cé mét canh chung.
b) Mbi canh ctia da giac nao ciing la canh chung ctia dting hai da giac.
e Mbi da gidc goi la mot mat cua hinh da dién. Cac dinh, canh cua cac da giac ay theo tht
tw duoc goi la cac dinh, canh cta hinh da dién.

T

)_ “_\“-‘ Canh — 4 J_

/ Mit
2. Khai niém veé khéi da dién:

» Khéi da dién la phan khong gian dwoc giéi han boi mot hinh da dién, ké ca hinh da
dién dé.

e Nhing diém khong thudc khoi da dién duoc goi la di€m ngoai cua khdi da dién.
Nhiing diém thudc khoi da dién nhung khong thudc hinh da dién dé duwoc goi la di€ém trong cua
khoi da dién. Tap hop cac diém trong dugc goi la mién trong, tdp hop nhiing diém ngoai duoc
goi la mién ngoai ctia khdi da dién.

e Mbi hinh da dién chia cac diém con lai cia khong gian thanh hai mién khéng giao nhau
la mién trong va mién ngoai ctia hinh da dién, trong d6 chi c6 mién ngoai la chita hoan toan mot
duong thang nao do.

r
u‘\
—

Mién ngoai

Piém ngoai

I1I- HAI DA DIEN BANG NHAU:
1. Phép doi hinh trong khong gian:

Trong khoéng gian, quy tac dit twong ing moi diém M véi di€m M' xac dinh duy nhat
duoc goi la mot phép bién hinh trong khong gian.

Phép bién hinh trong khong gian dwoc goi la phép doi hinh néu né bao toan khoang cach
gitta hai diém tuy y.

* Mgt s0' phép doi hinh trong khong gian:

a) Phép tinh tién theo vecto v:

La phép bién hinh bién mdi difm M thanh M' sao cho

"
MM' =7, /

M

Nguyén Chién - Hong Quan: 0973.514.674

Page | 42



b) Phép ddi xirng qua mat phéng(P) :

La phép bién hinh bién m&i diém thuoc (P) thanh chinh no, T

bién mdi diém M khong thude (P) thanh diém M' sao cho (P)
la mit phang trung truc cia MM . A

Néu phép di ximg qua mét phéng (P) bién hinh (H ) thanh 1

chinh no6 thi (P) duogc goi la mat phang ddi xting ctia (H)

) Phép d6i xitng qua tim O:

La phép bién hinh bién diém O thanh chinh né, bién mdi
diém M khac O thanh diém M' sao cho O la trung diém

"
MM, M/

Néu phép ddi ximg tam O bién hinh (H ) thanh chinh no thi

O duoc goi la tam d6i xing cua (H )

d) Phép d6i xiing qua dwong thing A (phép déi xiing truc A):

La phép bién hinh bién moi diém thudc duwong thang A thanh
chinh né, bién mdi diém M khong thudc A thanh diém M' sao
cho A la duwong trung truc caa MM'.

Néu phép déi ximg truc A bién hinh (H ) thanh chinh n6 thi A

M
duoc goi la truc d6i xting cua (H )

* Nhan xét:
e Thuee hién lién tiép cic phép doi hinh sé dwoc mot phép doi hinh.
e Phép doi hinh biéh da dién (H) thanh da di¢n (H"), biéh dinh, cgnh, mgt ciia (H) thanh
dinh, canh, mat twong 1ng ciia (H ').
2. Hai hinh bang nhau:
Hai hinh duoc goi la bing nhau néu c6 mdt phép doi hinh bién hinh nay thanh hinh kia.
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KHOI DA DIEN LOI

I. Khoi da dién I6i
Khoi da dién dwoc goi 1a khéi da dién 16i néu véi bat ki hai diém A va B nao ctia né thi
moi diém cta doan AB cling thudc khoi do.
E

E
F
Khéi da dién 16i Khéi da dién khong 16i
II. Khoida dién déu
1. Dinh nghia: Khoi da dién déu la mot khoi da dién 161 ¢o hai tinh chéat sau day:
+ Cac mdt la nhiing da giac déu n canh.
+ MOi dinh 1a dinh chung ctia dung p canh.
Khoi da dién déu nhw vay goi la khéi da dién déu loai {n, p} .

2. Bang tém tit ciia nam loai khéi da dién déu

Khéi da dién déu Sé'dinh | S6canh | S6'mit | Logi |S6’ MPDX
Tir dién déu 4 6 4 {3; 3} 6
Khoi lap phwong 8 12 6 {4; 3} 9
Bt di¢n déu 6 12 8| (34} | 9
Muedi hai mit déu 20 30 12|53} | 15
Hai muwoi mdt déu 12 30 20 {3; 5} 15

Khodi da dién déu loai {n, p} c6 D dinh, C canh va M mat: |pD =2C =nM |
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THE TICH KHOI DA DIEN

Thé tich khi chép: [V =~ 5, h
3 Y

+ S i Dién tich mat day.
dy
+ h:Dg daichiéu cao khoi chdp.

V. _1

S.ABCD g (g(ABCD))' ABCD

Thé tich khéi lang tra: |V =5, A

+ S ity Dién tich mat day.
+  h: Chiéu cao ctia khéi chop.
Luu y: Lang tru dung cd chiéu cao chinh la canh bén.

A c A C
A c’ A" fal
Bf BF
Thé tich khéi hop chit nhat:
Thé tich khdi 1ap phuong;:
A D
E 4 D
Bz . C : L
Ll r B ! ¢ C
/’A' 1 D A:&———:;*’ ——————— ey ) U
J’J{’ c a];{f v
/ : ;ff” b
B' C’ B’ C’

* Chu y:

o Duwong chéo ciia hinh vuéng canh a la a\/g

o Duwong chéo ciia hinh 1dp phwong canh a la: a\E

o Duong chéo ciia hinh hdp chit nhdt c6 3 kich thwéc a,b,c la : Ja + b + ¢

a3
2

Duwong cao ciia tam gidc déu canh a la:
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Ti s6 thé tich:

Vouwe _ SA'.SB'.SC'
Vipe SA SB SC
Hinh chép cut ABC.A'B'C’

V=§(B+B’+ BB’)

V6i B, B',hla dién tich hai ddy va chiéu cao.

CAC CONG THUC HINH PHANG

1. Hé thirc lwgng trong tam giac
a) Cho AABC vuodng tai A, duong cao AH.

A
B o C
e AB*+ AC* = BC? « AB’ = BH.BC
e AC® = CH.BC « AH.BC = ABAC
e AH® = BH.HC o+ 1 1
AH®  AB AC?

e AB=BC.sinC=BC.cosB=AC.tanC = AC.cotB

b) Cho AABC ¢6 d6 daiba canh 1a: a, b, cd§ dai cdc trung tuyén la m_,m,,m_bdn kinh dwong tron
ngoqi tiép R; ban kinh dwong tron ngi tiép r nira chu vi p.

e Dinh li ham s0 cosin:
@’ =b"+c" -2bc.cosA; b’ =c” +a° —2ca.cos B; ¢ =a” +b> —2ab.cosC

e Dinh li ham s6 sin: .a = .b = _C =2R
sinA sinB sinC
2 2 2 2 2 2 2 2 2
e D0 dai trung tuyén: m2:b e _a_;m;:c Ta —b—;m?:a e
¢ 2 4 2 4 2 4
2. Cac cong thirc tinh dién tich
a) Tam giac:
1 1 1 1 1 1
e S=—ah =-bh =—ch e S =—bcsinA==ca.sinB=—absinC
“2 2 ¢ 2 2 2
abe
° = — .SZ T
4R g

e CT He-ron: § = \/p(p—a)(p—b)(p—c)
ABAC BC.AH
2 2

a3 *\3
4

e AABC déu, canh a: AH:T, S =

o AABCouéng tai A: S =
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b) Hinh vuéng: S = a’ (a: canh hinh vuéng)
¢) Hinh chit nhat: S =ab (a, b: hai kich thwoc)

d) Hinh binh hanh: S =diy xmo = AB.AD.sin BAD

e) Hinh thoi: S =AB.AD.sin BAD = %AC.BD
f) Hinh thang: S = %(a + b) h  (a, b: hai day, h: chiéu cao)

g) Tk giac c6 hai duwong chéo vuong goc: S = %A C.BD

MOT SO CONG THUC TINH NHANH THE TiCH KHOI CHOP THUONG GAP

TINH CHAT

HINH VE

Cho hinh chép SABC véi cac mat phang (SAB) , (SBC) , (SA C)
vuong goc voi nhau titng doi mot, dién tich cdc tam gidc

SAB,SBC,SAC Tanluotla S,,S,,S,.

17727

ﬂIQS.S .S
Khi do: V. =X 1 2 3

S.ABC — 3

A

Cho hinh chép S.ABC c¢6 SA vudng goc voi (ABC), hai mat
phéng (SAB) va (SBC) vuong goc voi nhau,

BSC =a,ASB = f3.

B .sin 2a.
Khido: V, , = S Sln12a tan

Cho hinh chép déu S.ABC c6 day ABC la tam giac déu canh bang a,

canh bén bang b .
2 2 2
Khide: V, ,,, = 2V~

S.ABC 12

Cho hinh chép tam giac déu S.ABC c6 canh ddy bang a va mat bén
tao v6i mat phang ddy goéc « .

a’ tan a
Khi d6: V. =—
S.ABC 24
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Cho hinh chép tam giac déu S.ABC cé céc canh bén bang b va canh
bén tao v6i mat phang day goc f.
3 o2 2
Khi do: V _ «/gb .sin fcos”

S.ABC 4

Cho hinh chép tam gidc déu S.ABC ¢ cac canh day bang a, canh
bén tao v6i mit phing day goc f.

3
Khidé: V, = %

Cho hinh chép t& giac déu S.ABCD c6 day ABCD la hinh vudng
canh bé“mga, va SA=SB=5C=S8D=b.

2 2 2
Khidé: V. _ aN4b —2a"

S.ABC 6

Cho hinh chép ti gidc déu S.ABCD c6 canh day bang a, goc tao
bdi mat bén va mit phang day la « .

3
.2 a’.tana
Khl dOZ VS.ABCD = T

Cho hinh chép ti gidc déu S.ABCD c6 canh day banga, SAB = «,

. T
voia €| —;—

3 tan? o
Khi d6: V. _ ¢Ntan a-1

S.ABCD 6

Cho hinh chép tit gidc déu S.ABCD c6 cac canh bén bang a, gc tao
T
boi mat bén va mat day la o voi a € [O; 5}

40’ . tan o

3\/(2 + tan’ a>3

Khi do: V. =

S.ABCD

Nguyén Chién - Hong Quan: 0973.514.674

Page | 48




Cho hinh chép tam gidc déu S.ABC c6 canh déy bing a. Goi (P) 1a

mat phang di qua A song song véi BC va vudng goc véi (SBC) ,

3
goc gitia (P) v6i mat phang day la . Khidé: V, ) =2 cota

S.ABCD — 24

Khoi tam mat déu cé dinh la tdm cac mat cta hinh lap phuwong
canh a.

3

Khidé: V =L
6

Cho khoi tdm mat déu canh a. N&i tAm cta cac mat bén ta dwoc

khoi lap phuong.
2a° \ﬁ

27

Khido6: V =

CAC CONG THUC PAC BIET THE TiCH TU DIEN (PTD):

PIEU KIEN TU DIEN CONG THUC
{SA =a,5B=550=c o pe = %bc\/l—COSQ a —cos’ B —cos” @ + 2cos o cos [ cos @
ASB = a,BSC = 054 = ¢ Cong thikc tinh khi biét 3 canh, 3 géc ¢ dinh 1t dién
AB=a,CD =0 Viwen zlabdsina
d(AB,CD) = d,(AB,CD) = N ,
Cong thikc tinh khi biét 2 canh doi, khoang cdch va goc 2 canh do
Sasap =00 = 9,54 =a 174 = —25152 sin &
(( ) ( )) SABC 3(l
Cong thirc tinh khi biét mgt canh, dién tich va goc giita 2 mat ké
SA=a,SB=05C=c
_abc . . .
((SAB),(SAC))=a VS.ABC—?smasmﬂsm(p
ASB = B,ASC = ¢ Cong thirc tinh khi biét 3 canh, 2 goc 0 dinh va 1 goc nhi dién
Tét dign déu a’\2
tat ca cac canh bang a 4B =~ "9
AB=CD=a
Tlf’diéng\ﬁn d\éu AC = B.D = b VABCD — @\/(a}2 +b2 _62)(b2 + 02 _0/2)((1/2 + CQ _b2)
AD=BC=c¢
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MAT NON - MAT TRU - MAT CAU
I. MAT NON TRON XOAY VA KHOI NON
1) Madt noén tron xoay.
Puong thing d,A catnhau tai O va tao thanh géc B véi

0° < B <90°, mp(P) chtta d,A. (P) quay quanh truc
Avéigde f khong doi
= madt non tron xoay dinh O.

+ A goila truc.

+d dwoc goi la duong sinh.

+Goc 23 goila goc o dinh.

2) Khéinon

+ La phan khong gian duoc giéi han boi mot hinh nén 0
tron xoay k€ ca hinh nén d6. Nhing diém khong thudc
khoinén goi la nhitng diém ngoai ctia kh&inon.

+ Nhiing diém thudc kh6i nén nhung khong thudc

hinh nén tuong tng goi la nhitng diém trong ctia khoi
nén. Dinh, mdt ddy, duong sinh cia mot hinh nén cling
la dinh, mdt day, duwong sinh cuia khdinén twong tng.

Cho hinh nén cd chiéu cao h, duong sinh I va ban kinh dayr.

+ Dién tich xung quanh: cia hinh non: qu = 7rl).

+  Din tich day (hinh tron): S, = zr?l.

oA , ~ A 2 \ 7 2
+ Dién tich toan phdan: ctia hinh nén: Stp =7xrl+ 7r°|.

+ Thé'tich khéinén: |V = %mﬂh.

3) Thiét dién khi cit béi mit phing

Cat mat nén tron xoay béi mp (@) di qua dinh caa mat noén.

mp(Q) cat mit nén theo 2 dwong sinh. Thiét dién la tam gidc can.

mp(Q) ti€p xtc véi mat nén theo mdt duong sinh. (Q) 1a mét phang tiép dién ctia hinh nén.

Cat mat nén tron xoay béi mp (@) khong di qua dinh ctia mit nén.

mp(Q) vudng goc véi truc hinh non. Giao tuyén la 1 duong parabol.

mp(Q) song song voi 2 du&yng sinh hinh ndén. Giao tuyéh la2 nhanh ctaa 1 hYPEbOI

mp(Q)) song song vdi 1 duong sinh hinh nén. Giao tuyén 1a mot duong tron.
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II. MAT TRU TRON XOAY
1. Mat tru:

Trong mit phang ( P) cho hai duong thang A va [ song song véi nhau,

cach nhau mot khoang bang . Khi quay mét phang ( P) xung quanh A
thi duong théng [ sinh ra mdt madt tron xoay duoc goi la mat try tron
xoay, goi tit 12 mat tru.

e Puong thang A goi Ia truc.

o Puong thang [ 1a duong sinh.

e 7 la ban kinh ctia mat tru do.

2. Hinh try tron xoay va kh@i tru tron xoay:

a) Ta xét hinh chi* nhat ABCD . Khi quay hinh chit nhat ABCD
xung quanh duong thang chita mot canh nao d6, chang han canh AB
thi duong gdp khiuc ADCB sé tao thanh mot hinh goi 1a hinh tru tron
xoay, hay goi tat 1a hinh try.

+ Khi quay quanh AB, hai canh AD va BC sé vach ra hai hinh
tron bang nhau goi 1a hai ddy cta hinh try, ban kinh ctia chiing goi 1a
ban kinh cta hinh tru.

+ D0 dai doan CD goila d¢ dai duong sinh cua hinh tru.
+ Phan mat tron xoay duoc sinh ra boi cac diém trén canh CD khi
quay xung quanh AB goi la mat xung quanh cua hinh tru.

+ Khoang cach AB giita hai mt phang song song chita hai day
la chiéu cao cua hinh truy.

E

b) Khdi tru tron xoay hay khéi tru la phan khong gian duoc giéi han bdi mot hinh tru
tron xoay k€& ca hinh tru tron xoay dé. Nhing diém khong thudc khéi tru goi la nhiing
diém ngoai cua khoi tru. Nhiing diém thudc khoi tru nhung khong thudc hinh tru twong
ung goi la nhitng diém trong cua khai tru. Mat ddy, chiéu cao, duong sinh, ban kinh cta
mot hinh tru ciing la mat ddy, chiéu cao, duwong sinh, ban kinh cua khoi tru twong ting.

Hinh tru c6 chiéu cao h, dwong sinh [ va ban kinh day r.

+  Dién tich xung quanh: |S = 27xrl|.
zq

+  Dign tich todn phén: |S, =27l + 2777 |,

+  Thétich: |V = zr°h)

III. MAT CAU - KHOI CAU
1. Mait ciu
Cho diém I c6 dinh va mét s6 thuc duwong R.
Tap hop tat ca nhiing di€m M trong khong gian
cach I mot khoang R dwoc goi 1a mat cau tam [
ban kinh R.
Ki hiéu: S (I; R) .Khi dé:

S(I;R) = {M\IM = R}
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2. Vi tri tuong ddi gitta mat ciu va mit phing

Cho mat cau §(/;R) va mit phang (P). Goi H Ia hinh chiéu vudng goc ctia I 1én

(P) = d =IH 1alkhoangcach tir I dén mat phang (P). Khi dé:

d>R

d=R

d< R

Mt cau va mat phang
khong c6 diém chung.

Mt phang tiép xtic mét cau:

(P) 12 méit phéng tiép dién

clia mdt cau va H: tiép diém.

Mit phang cat mit cau
theo thiét dién la duong
tron co tam
I' va ban kinh

r =R - IH’

Luu y: Khi mat phéng (P ) di qua tam I cua mat cau thi mat phéng (P ) dwoc goi

la mit phang kinh va thiét dién lic d6 duoc goi la duong tron 16n.

3. Vi tri tuong d6i gitta mat cau va duong thang

Cho mt cau S (I; R) va duong thing A. Goi H 1a hinh chiéu cua I1én A. Khi do:

IH > R

IH =R IH < R
A khong cat mat cau. A tiép xtic véi mat cau. A7 A cat mit cau tai hai diém
Tiép tuyén cta (S ) va H: phan biét.

ti€p diém.

A cht (S) tai 2 diém A, B thi ban kinh R cta (S):

d(I;A) = IH

2
R=~NIH> + AH? = |IH? + (%J
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4. Puong kinh tuyén va vi tuyén ctia mit ciu:

+ Giao tuyén ctia mdt cau vdi nira mat
phfmg 6 bo la truc cia mat cau duwoc goi la
kinh tuyén.

+ Giao tuyén (néu co) ctia mat cau voi
cac mat phing vudng goc véi truc duoc goi
1a vi tuyén cua mat cau.

+ Hai giao diém cta mdt cau voi truc
dwoc goi 1a hai ciec cia mat cau

* Mat ciu ngi tiép, ngoai tiép hinh da dién:

Mt cau noi ti€p hinh da dién néu mat cau /i
dé tiép xic voi tat ca cac mat cua hinh da dién. LA N
\ TR [N .y v A \
Con noéi hinh da dién ngoai ti€p mat cau. : / - -0
e
{ o, h
M~ :_: -
ANl
it b B ol
1<\ / 7 /
PSR S PSS .

Mat cau ngoai ti€p hinh da dién néu tat ca cac
dinh ctia hinh da dién déu nam trén mat cau.
Con noéi hinh da dién noi ti€p mat cau.

Mat ciu tdim O bdn kinh r ngoai tiép hinh chop
S.ABCD khi va chi khi:
OA=0B=0C=0D=0S=r

Cho mit cau S(I; R)
+ Dién tich mdt cau: .

) N 4
+ Thé'tich khoi cau: |V = gﬂRS )

Nguyén Chién - Hong Qudn: 0973.514.674

Page | 53




MOT SO DANG TOAN VA CONG THUC GIAI BAI TOAN MAT NON

Dang 1. Thiét dién ctia hinh nén cdt béi mét mdit phing

S
Thiét di¢n qua truc ciia hinh nén la tam gidc cin.
A B
Thiét dién qua dinh ciia hinh nén la nhitng tam gidc cin c6 hai 5
canh bén la hai dwong sinh cua
hinh non.
A B
Thiét dign vuéng géc véi truc cia hinh nén la nhirng dwong 5
trom cé tdm nam trén truc clia
hinh non.
A B

Dang 2. Bdi todn lién quan dén thiét dién qua dinh ciia hinh nén
Cho hinh nén c6 chiéu cao la h, ban kinh day r va duong sinh [.
Mot thiét dién di qua dinh ctia hinh nén cé khoang cach tir tim ctia ddy dén mat phang chita
thiét dién la d.
Goi M la trung diém cua AC. Khi d6:
+ AC L(SMI)

+ Goc gitta (SAC) va (ABC) 1a géc SMI.
+ Goc gita (SAC) va ST la goc MSI.
+ d(],(SAC)) = IH =d.

Dién tich thiét dién:

St

4~ Pasac

2 72 2 72
S :%SM.AC:%\/SF+IM2.2\/AIQ—IM2:\/rQ—hhd .\/h2+ lvd

Dang 3. Bdi todn hinh nén ngoai tiép vd ndi tiép hinh chop

Hinh nén ndi tiép hinh chép S.ABCD déu la hinh | Hinh chép t& gidc déu S.ABCD
noén ¢é dinh la S, day la duong tron ndi tiép hinh

vudbng ABCD.
Khi @6 hinh nén cé:
AB
+Ban kinh day r = IM = -

+Puong cao h = SI, duong sinh | = SM.
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Hinh nén ngogi tiép hinh chép S.ABCD déu la Hinh chép tt gidc déu S.ABCD
hinh nén cé dinh la S, day 1a duong tron ngoai tiép
hinh vuong ABCD.
Khi d6 hinh nén c6:

+ Bankinhday: r=1A= % = ABQ\/E

+ Chiéu cao: h = SI.

+ DPuongsinh: [ = SA.
Hinh nén ngi tiép hinh chép S.ABC déu la hinh Hinh chép tam gidc déu S.ABC
non c6 dinh la §, day la duong tron noi ti€p tam S
giac ABC.
Khi d6 hinh nén c6

+ Ban kinh day: r:IM:A—M :AB—V@.

3 6 A c
+ Chiéu cao: h = SI.
+ DBuongsinh: [ = SM. M
B

Hinh nén ngoai tiép hinh chép S.ABC déu la hinh Hinh chép tam giac déu S.ABC
noén c6 dinh 1a S, day 1a duwong tron ngoai ti€p tam S
giac ABC.
Khi d6 hinh nén c¢:

+ Bankinhday: r=1A= 212M = AB?:/g

+ Chiéu cao: h = SI.

+ Duongsinh: [ = SA

Dagng 4. Bai todn hinh non cut

Khi cit hinh nén béi mot mit phéng song song véi day thi phan mat phéng nim trong hinh nén la
mot hinh tron. Phian hinh nén nam gitta hai mat phang néi trén dwoc goi 1a hinh nén cut.

+ Khi cat hinh nén cut boi mot mit phing song song voi “

day thi dwoc mat ct 1a mot hinh tron.

+ Khi cat hinh nén cut béi mdt mat phang song song véi
truc thi dwoc mit cit 13 moét hinh thang can.

Cho hinh nén cut cé
R, r, h Tan luot 1a ban
kinh day 16n, ban kinh
day nho va chiéu cao.

Dién tich xung quanh cta hinh nén cut: |S = ﬂl(R + 7’) .

S = 77’
AL . \ S dayl = 2 ?
Dién tich day (hinh tron): {5’ LR = ZSM = 7[(7’ + R )

day2
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e Dién tich toan phiin ctia hinh nén cut:

Thé'tich khoinédn cut: |V = %ﬁh(RQ +7 + Rr).

S =7zl(R+r)+7rr2+7rR2.

tp

Dang 5. Bai todn hinh nén tao béi phiin con lai ctia hinh tron sau khi cdt bé di hinh quat

Tir hinh tron (O;R) cét bo di
hinh quat AmB. D6 dai cung
AnB bang z. Phan con lai ctia
hinh tron ghép lai dwoc mot hinh
nén. Tim badn kinh, chiéu cao va
do dai duong sinh cua hinh nén
do.

n (0}
R
0 ’
A A=B
m

Hinh nén dwoc tao thanh co
=R

27
2rr=r =>r=—.

h =N -7°

MOT SO DANG TOAN VA CONG THUC GIAI BAI TOAN MAT TRU
Dang 1. Thiét dién ctia hinh try cdt béi mot mit phrﬁng
+ Thiét dién vudéng goéc truc la mot duong tron ban

kinh R.

+ Thiét dién chita truc la mot hinh ch nhat ABCD
trong 46 AB =2R va AD = h. Néu thiét dién qua truc

1a mét hinh vudéng thi h =2R.

+ Thiét dién song song vdi truc va khong chita truc la
hinh chtt nhat BGHC' c6 khoang cach tdi truc la:

d(OO';(BGHO)) - OM

Dang 2. Thé tich khdi tit dién c6 2 canh la dwong kinh 2 ddy
Néunhw AB va CD la hai duong kinh bat ky trén hai

day cta hinh tru thi:

1% =1AB.CD.00'.sm(AB,CD)
6

ABCD

*DPiacbiét: Néu AB va CD vudng goc nhau thi:

V = %ABCD.OO'.

ABCD
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Dang 3. Xdc dinh goéc khoang cich
+Goc gitta AB va truc 00":

(A&00j=vaB.

+ Khoang cach gitta AB va truc 00O":
d(AB;00') = OM .

+ Néu ABCD la mot hinh vudng noi ti€p trong hinh
tru thi duong chéo ctia hinh vudng cling bang duong
chéo cua hinh tru.

Nghia la canh hinh vuéng: AB\/_ =\4R* + 1.

Dang 4. Xdc dinh moi lién hé giita dién tich xung quanh, toan phin va thé'tich khoi tru trong bai
todn t6i uu
Mot khoi tru c6 thé tich V khong doi.

+ Tim ban kinh day va chiéu cao hinh tru d€ dién

tich toan phéan nho nhat:
R:3§— ™\
. T | r
S, min < . | %

h

<

3 ——

T
+ Tim ban kinh day va chiéu cao hinh tru dé€ dién
tich xung quanh cng véi dién tich 1 ddy va nho nhat:

—_——

=7 I~
7 N
po P
S min < 4 AI
I
Vs

Dang 5. Hinh tru ngoai tiép, ndi tiép mét hinh ling tru diing
+ Cho hinh ling tru tam gidc déu ndi tiép trong mot hinh tru. Thé'tich khoi ling tru la V thi
thé'tich khoi tru la V(T) = il
+ Cho hinh ling tru tt gidgc déu ABCD.A'B'C" D' ngogi tiép trong mgt hinh tru. Dién
tich xung quanh hinh tru la S thi dién tich xung quanh cua hinh lang tru la Sl,q = %
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MOT SO DANG TOAN VA CONG THUC GIAI
BAI TOAN MAT CAU
I. Mit ciu ngoai ti€p khdi da dién

1/ Cac khai niém co ban

+ Truc cha da gidc day: 1a duong thing di qua tAm duwong tron ngoai tiép ctia da gidc day va
vudng goc v6i mit phang chira da giac day = Bat ki mot diém nao nam trén truc ctia da
giac thi cach déu cac dinh cta da giac do.

+ Puong trung truc cia doan thang: 1a duong thang di qua trung diém ctia doan thing va
vudng goc véi doan thang d6 = Bat ki mot diém nao nam trén dweong trung truc thi cach
déu hai dau mut ctia doan thang.

+ Mat trung trec cia doan thing: 1a mit phang di qua trung diém ctia doan thang va vuong
goc voi doan th:fmg dé = Bat ki moOt diém nao ndm trén mit trung truc thi cach déu hai
dau mut ctia doan thang,

2/ TAm va ban kinh mat ciu ngoai ti€p hinh chép

+ TAm mit ciu ngoai ti€p hinh chop: 1a diém cdch déu cac dinh cta hinh chép. Hay noi cach
khac, né chinh 1a giao diém I ctia truc dwong tron ngoai tiép mit phiang ddy va mat phang
trung trwc cua mot canh bén hinh chép.

+ Ban kinh: 1a khoang cach tix I dén cac dinh ctia hinh chép.

3/ Cach xac dinh tim va ban kinh mit cAu ctia mét s6 hinh da dién

a/ Hinh hdp chit nhat, hinh lap phwong.

- Tam: trung véi tam d6i xting ctia hinh hop chit nhat (hinh 1ap phwong) = Tamla I la
trung diém caa AC"'.
- Ban kinh: bang ntra d6 dai duwong chéo hinh hop chit nhat (hinh lap phuong).

!
:Bénkinh:R:ATC. A B

LN C
S
b/ Hinh ling tru ding c6 day ndi ti€p dwong tron. //- ----- \-\\-- R
Xét hinh lang tru dimg AAA,...A AAA..A, D’/ e A,

AL
trong d6 c62 day AA A A vaAAA .. A nditi€p duong tron (O) 1\
va (0'). Lie d¢,

mat cau nodi ti€p hinh lang tru ding cé:

- Tam: I véi I la trung diém cua OO'.

-Bankinh: R=1A =1A =..=1I4 .

¢/ Hinh chép c6 cac dinh nhin doan thang néi 2 dinh

con lai dwéi 1 géc vudng.

- Hinh chép S.ABC c¢6 SAC = SBC =90°.
+ Tam: [ la trung diém cua SC'.

+ Bénkinh:Rz%z]A:IB:IC’. A
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- Hinh chép S.ABCD c6
SAC =SBC = SDC =90°.

+ Tam: [ la trung diém cta SC'.
+ Ban kinh: R=%=IA=IB=IC’=ID.

d/ Hinh chdp déu.
Cho hinh chép déu S.ABC...
- Goi Ola tam cua day = SO1la truc cua ddy.
- Trong mat phéng xac dinh boi SO va mot canh bén,
chang han nhu mp (SA O) , ta vé duong trung triec ctia canh SA

1a A cit SA tai M va cit SO tai I = I 1a tAm ctia mit cau.

- Ban kinh:
Ta cd: ASMI ~ ASOA = S—M = ﬂ = Ban kinh la:
SO SA
2
R=1IS = SM'SA: 54 =JA=IB=IC=...
SO 250

e/ Hinh chép c6 canh bén vudng géc véi mit phing day.
Cho hinh chép S.ABC... c6 canh bén SA L ddy (ABC...) va ddy ABC... ndi tiép duoc
trong duong tron tam O . Tam va ban kinh mdt cau ngoai ti€p hinh chop S.ABC... dugc
xac dinh nhw sau:

- Tk tam O ngoai ti€p cua duong tron

day, ta vé duong thang d vudng goc véi mp (ABC...) tai O.

- Trong mp (d, SA), ta dung duong trung

truc Actia canh SA, cdt SAtai M, cét dtai I = I 13 tAm mit

cau ngoai ti€p hinh chép
vabankinh R=IA=IB=1C=1S=...
- Tim ban kinh:

Ta c6: MIOBla hinh ch@ nhat.
Xét AMAI vudng tai M co:

2
R =AI = \MI? + MA® = ‘/A02+(S?AJ )

f/ Hinh chép khac.
- Dung truc A cua day.

- Dyng mat ph:fmg trung truec (a) cua mot canh bén bat ki.
- (a’) N A =1 = I la tam mat cau ngoai ti€p hinh chop.
- Ban kinh: khoang cach tit  dén cac dinh cua hinh chop.
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g/ Duong tron ngoai ti€p mot s6 da gidc thwong gap.

Khi xac dinh tam mit cau, ta can xac dinh truc ctia mit phang ddy, d6 chinh la duong

thang vuong goc véi mit phang day tai tim O ctia drong tron ngoai tiép day.

N

N S

Hinh vuéng: O la giao Hinh chit nhat: O la giao A déu: O la giao diém cua 2
diém 2 duwong chéo. diém cta hai dwong chéo.  duwong trung tuyén (trong tam).
1l L 1|
I I
o W
Avudng: O la trung diém Athuong: O 1a giao diém cua hai
cta canh huyén. dwong trung triee ctia hai canh A

II. KY THUAT XAC PINH MAT CAU NGOAI TIEP CHOP
Cho hinh chép S.A 4,...A (thoa man diéu kién ton tai mat cau ngoai ti€p). Thong thuwong, dé’xic
dinh mdt ciu ngoqi tiép hinh chop ta thiec hién theo hai budc:
Budc 1: Xac dinh tam cua dwong tron ngoai ti€p da
gidc ddy. Dung A: truc duwong tron ngoai ti€p da giac day.
Budc 2: Lap mit phang trung truc () ctia mot canh bén.
Licdé: -Tam O cta matcauw: Anmp(a) = {O}
- Ban kinh: R = SA(= SO). Tuy vao timg

treong hop.

Luwu y: Kij nang xdc dinh truc dwong tron ngoqi tiép da gidc day.
1. Truc duong tron ngoai tiép da gidc day: 1a duong

thang di qua tdim duong tron ngoai tiép day va vudng géc

v6i mat phang ddy.

Tinh chdt: VM € A: MA = MB = MC

Suyra: MA=MB=MC < MeA

2. Cac buodc xac dinh truc:

- Budc 1: Xac dinh tam H cta dwong tron ngoai ti€p da giac day.
- Budc 2: Qua H dung A vudng g véi mat phang ddy.
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Mot s truomg hop dic biét

Tam gidc vudng Tam giac déu Tam giac bat ki
A A A
B
B / H / C B > ‘C
H
A A A
S
3. Ky ning tam giac dong dang
M
ASMO dong dang voi ASIA = 50 _ S— M
SA  SI o
4. Nhan xét:
I A

MA =MB =MC

M, 5 {SAzSB = SC

= SM 1a truc duong tron ngoai ti€p AABC'.

* KY THUAT SU DUNG HAI TRUC XAC PINH TAM MAT CAU NGOAI TIEP DA DIEN
Cho hinh chép S.AA,...A (thda man diéu kién ton tai mat cau ngoai ti€p). Thong thuong,

dé xac dinh mat ciu ngoai tiép hinh choép ta thuc hién theo hai buéc:
Budc 1: Xac dinh tam cua duong tron ngoai ti€p da giac day. Dung A: truc duong tron

ngoai ti€p da giac day.

Budc 2: Xac dinh truc d ctia dwdng tron ngoai tiép mot mat bén (dé xdc dinh) ctia khéi chdp.

Liic do:

+ Tam [ ctia mat caw: A Nd = {I}

+ Ban kinh: R =TIA(=IS). Tuj vio timng

trieong hop.
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TONG KET CAC DANG TiM TAM VA BAN KiNH MAT CAU (PTD)

Loai 1: Canh bén SA vuong goc véi ddy va ABC = 90" khidé |R = % va tam la trung

diém SC'.

Loai 2: Canh bén SA vudng goc day va bat ké day la hinh gi,

chi can tim dwoc ban kinh dwong tron ngoai tiép cua day la R,

SA?

khido: |R* = R +

abce

afolr=a)(r=0)(r—)

+ Néu A ABC vudngtai A thi: [R® = i(AB2 +AC + AS)).

+RD

(p: ntra chu vi).

2 C s s o .
+ bDay la hinh vudng canh o thi R, = %, néu day la tam giac déu canh a thi

D
aN'3
R = :
P
Loai 3: Chép c6 cac canh bén bang nhau:
2
SA=SB=SC=5D:|r=4]
250

+ ABCD 1a hinh vuéng, hinh ch nhét, khi d6 O la
giao hai duong chéo.

+ AABC vubdng, khi dé O la trung diém canh huyén.

+ AABC déu, khidé O la trong tdm, truc tam.

Loai 4: Hai mat phang (SAB) va (ABC') vuong goc voi
nhau va c6 giao tuyén AB.Khi dé tagoi R, R, lan luot la

S
H

ban kinh duwong tron ngoai tiép cac tam giac SAB va ABC.
Ban kinh mdt cau ngoai tiép:

AB <

R =R +R’ -

Loai5: Chép S.ABCD c6 duong cao SH , tam duong tron ngoai tiép day la O . Khi d6 ta giai

2
phuong trinh: (SH - x) +OH* =2 + R} . Véigia tri © tim duocta co:|R’ = 2° + R} |.

N 3V
Loai 6: Ban kinh médt cau noi tiép: |[r = —|.

tp
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TONG HOP CAC CONG THUC PAC BIET VE KHOI TRON XOAY

Chom cau:

qu =27Rh = 72'(7’2 + h2)

V = zh? (R—%J =%h(h2 +37‘2)

., = 7R(h +h,)
Hinh tru cut: !
i o h +h
(phién try) V =xR ( ! 5 ZJ
o . 2
Hinh ném loai 1: V= gR tan o

Hinh ném loai 2:

Parabol bac hai.
Parabol tron
xoay.

3 3

!
s g S| E]ole
parabor— 3 S h R

v=lzpm-ly
2 2

tru

Dién tich Elip va
Thé tich khdi
tron xoay sinh

boi Elip

S  =rmab

elip

4
= = rab’

zoay quanh 2a

2
=—ma’b
zoay quanh 2b 3

Hinh xuyén

Dién tich hinh vanh
khan S = 7z(R2 - 7“2)
Thé tich hinh xuyén (phao)

V =95 R+r\R-7r ’
2 2
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Chép déu

71

Hinh Pudng cao Ban kinh khéi cdu | Khoang céch tir Chdn Khodng cach 2 Géc tao Khodng cach
L ngoai ti€p R va dudng cao dén mat dwdng chéo b&i2 mit | diém dén mat
Va thé tich ndi tiép r bén chira dinh nhau
T& dién vudng N +bi+c? 1 1.1 1
. V = V25:5,5; R=""" P(AGBO) & 0 &
$ 3
5 S,,S,, S, 1an luot dién tich
¢ tam giac SAB,SAC,SBC
J6 4= X 70°31' | d(A;(SBC))
R=X=" 2 0.594
: NG 4 d,, =0.198x ~0.594x
SH = x> i
6
r= IH == XE
T dién déu canh x VZQX?’ R=3r
12
Hinh buwong cao Ban kinh khéi cdu | Khoang céch tir Chén Khoang cach 2 Gdc tao Khodang cach
L ngoai ti€ép R va dwdng cao dén mat dwong chéo b&i2 mit | diém dén mat
Va thé tich ndi tiép r bén chira dinh nhau
f 2 1 R—__% 3k* -1 disaec) d(A/(SBC))
SH:X k —gz - 4 dH:—X :3dH
o 4- 1 \36k*+15 3 1
3k Y R
tana——tanﬂ 4 4k
: f 2/3
N M X




s SH |3 dudng cao cla 15 d(H;SBC) d(A;SBC) = | (sBA:SBC)=78}43'
tam gidc SAC ciing la R=x—— \/]3 d (C'SAB) —
dwong cdo clia chép =d(H;SAB) = E X ’ (
A c | S.ABC \/— 2d. = NS x | (SBA;ABC) =
v _5V15 o W g
B \/§ )~ (SBC;ABC)
2 SH =x =
ABC,SAC fieu c?nh x 5 _63%2"
(SAC) vudng gbéc vai
3
2
day. Sasc =X 4
3
X
Vs pec = E
Hinh chép déu S.ABCD c6 cac canh bang x Puong cao Ban kinh khdi cdu ngoai | Khoang céch tir Chan Khodang cach 2 dwéng chéo nhau
o ti€p Rva ndi tiép r duwéng cao dén mit
Va thé tich bén chira dinh
SH X R X H cach déu cac mat d(SA: BC) = d(B:S AD) 2X
, ‘ J2 J2 =" J6
Téat ca cac canh bang x X
d(H;SAB) = ——

o V6-v2
4
~ 0,2588x

Vv 4 X

cau_ngoai §

NG

Khodng céch A,B,C,D
xudng mat déi dién a
22X

NG

=2d,,

72

Khoang cach tlr canh day
AB,AD,BC,CDdén cdc dudng trong

) 2X
mit déi dién 13 —=
J6




73

\Y/ : 2X 2X
Veasngos _ 5 d(A;SCB)==% | d(SA;BC)=d(AB;SC) ==
Vernn J6 J6
_d(AsCB) =X
J6
Hinh chép déu S.ABCD Pudng cao Ban kinh khdi ciu ngoai ti€p | Khoang céch tir Chdn dudng cao Khodng cach 2 dwéng chéo
hinh vudng co cac canh L Rvanditiépr dén mat bén chira dinh nhau
bang x,canh bén kx. Va thé tich
\/m k2 H cich déu cdc mit bén Khodng céch gitra canh day va
SH =x R=—==X > canh bén cta mit déi dién bing
2 V2(2Kk* 1) d(H:SCD) = |2 =1 | ha
2(2k? +1)
T V _lx3 2k2 -1 Vcau_ngoai = d (AB’SC) =
-~ | Vs.ABCcD — 3 2 4 % i ) . 5 2d (H ;SCD)
_ﬂ-(— X)3 Khoang cach A,B,C,D xudbng mat
3. 2(2k2 1) dGi dien 1 2k? -1
d(A;SCD) =2d(H;SCD B\ ET
Cho géc thi tim ra canh ( ' ) ( ' ) 2(2k +1)
bén. 5 2k* -1 «
= Canh_ben T\ 202k +1)
canh_da
~day Vcau_ngoai 9 k2
“o1,2
VS.ABCD 2k" -1




Noén trong cau

N6n ngoai tiép tir dién
déu canh x

N6n ndi tiép tir dién déu canh x

Né6n ndi tiép khéi 13p phwong
canh x

N6n ngoai tiép hinh 13p
phuong canh x

R
4_3
V(S)= (h)
Vi R
h

Day ndn ngoai ti€p ABC

_2x3_xB

Non — :3 ' :2 53

DAy ndn ndi tiép tam gidc déu

canh x
f g 1xB_x3
32 6

Po_X
Non :2
Vn
VLapPhuong
1 X\2
_X.ﬂ'_
-3 2 (2) -7
X3 12

\Y

LapPhuong
1 x\/§2
- .7[(_______

x3 6

74




Cau ngoai tiép hinh 1ap phuong canh x

Cau ndi tiép hinh 1ap phuong canh x

Cau ngoai ti€p hinh hdp chit nhat

C3u ngoai tiép khdi bat dién déu

\Y/

cau

\Y

Lap phuong

cau

V

Lap phuong

75

et

________

=~ . 1

Dudng cao chép=

X2
2

SH=R_, =

4 (@3
2

V

cau

= =T
Vbatdien 21 X\/E .X2
3 2




Cau ngoai tiép t& dién déu canh x

G

vV _=ﬂ7r(ﬁ3
3 4

Cau—ngoai

Né&u canh t& dién tang(Giam) Ién n lan
thi thé tich cau ngoai tiép tang ( giam)

3
N~ lan.

6y

VCau ngoai 57[ 4 T \/ﬁ

VTu dien deu \/E 3 2

Cau noi ti€p t&r dién déu canh x

V,

G

Cau noi
V.

Tu dien deu

V2 s
12

C3u ngoai tiép t& dién vudng

S.ABC c6 SA=C,AB=a,AC=b vudng gbc
nhau tirng d6i mot

Ja?+b? +¢?

2

R =

76

Ve oo =27V

au ngoal

cau noi

Cau ngoai ti€p chop déu,ddy t&

gidc

Duong cao chép=

x«/_

SH=R_,

i
_i_

2

Chop

4
Veay §
1x
3




Cau ngoai ti€p lang tru dirng co6 day la
tam giac vubng.

Puwong cao la ¢,2 canh géc vudng & day

laa,b

JaZ +b%+¢?

2

R=

Cau trong tru

VCau — 3
Vy, 2rar’

Tru trong cau

77




PHAN VIL HE TRUC TOA PO TRONG KHONG GIAN OXYZ
A. HE TOA PO KHONG GIAN

Géc toa do O, truc hoanh Ox, truc tung Oy, truc cao Oz, cac mét toa @6 Oxy, Oyz, Ozx.

1. Trong khong gian cho ba truc Ox, Oy, Oz phan biét va vuéng goc tting d61 mot.
1, 7,k 1a cac vecto don vi

-2 -2 -2

2
Chuy: a

ij =ik = jk =0

Toa do véc to: ;L:(:v;y;z) <:>1:(:L';y;z) <:>;L=xg+y}+zl;
Toa d6 diém: M(xz;y;2) < OM = zi + y; o
Cac cong thiic toa dé can nhé: Cho ;L:(a;b;c), ;z(a';b’;c’)

a=a
A u=vo b=t

c=c¢
b) &i%z(aia';bib';cic’)

¢) ku = (ka; kb ke)
d) Z@:‘ZL o] cos(w,v

v|.cos(u,w) = aa’ +bb" + cc’'

_uwv _ad +bb +cc
A
- -2 2 2 2

f)‘u‘z\/u =Na +b +c¢

gulvesuv=0

e) cos(u,v)

[

()

B) AB = (, — 5y, ~v,52, —2,)

i) AB:‘E‘ Z\/(IB —IA)2 +(yB —yA)Q +(ZB —zA)Q

Chu y: goéc cua 2 véce to (

u,v) l1a goc hinh hoc (nhd) gitia 2 tia mang vects c6 gia tri

sin(;,;)) = 1 —cos’ (1:,;) >0

Chia ti 16 doan thing: M chia AB theo ti s6 k nghia 1a MA = kMB

trong doan [0; ﬂ]

_:L‘A—k:vB
o 1-k
yA_kyB
1-k
z, —kz,

1-k

Ly

Cong thiic toa dj caa M 1a : yy,, =

“u
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IA-FZ‘B

A
M 2
X 0 C A MR N _ Yt Y
M Ia trung diém AB: MA+ MB=0= qy,, 5
Z, +2
= A2 :
7. Glatrong tam tam giac ABC:
T, 4T, +T
T, = K
¢ 3
— = = = +y, +
GA+GB+GC =0= 1y, =~ y?f %
z, vz, +2
z, = =
¢ 3
8. Glatrong tam t dién ABCD:
T, 4T, +2,+1,
T, =
4
— = - +y +y, +
GA+GB+GC+GD=0= |y, =L y34y0 L.
2,42, + 2, + 2,
z, = ’
4
9. Tich c6 hudng 2 véc to: Cho 2 véc to Zaz(a'b'c) va ;):(a"b" ¢')ta dinh nghia tich

¢6 huéng cua 2 véc to d6 1a mot véc to, ki hiéu [u v} hay u A vc6 toa do:

b ¢
b

a b

a b

cC a

Mo 7
a

)|

10. Tinh chat tich c6 huéng 2 véc to:

Jz

(bc' —b'c;ea’ —ac;ab' — ba')

a. || u,v| vubng gbc v6i u va v
b. || u,v sm(u v)
c. |u,v|=0< u,v cung phuong

11. Ung dung tich c6 huéng 2 véc to:

a.

- - — - -

Dién tich hinh binh hanh ABCD: S =

i3]

Dién tich tam gidc ABC: S = %.‘[E, R}‘

c. Bavécto u,v,w doéng phing: [u, U]w =0

V= ‘[/TB,E]TA’

Thé tich khéi hop c6 day hinh binh hanh ABCD va canh bén AA*

e. Thé tich khéi t dién S.ABC: V = é ‘[AB AC SA‘
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MOT SO DANG TOAN THUONG GAP

VAN DE 1: Cac phép toan vé toa do clia vecto va ciia diém
— St dung cic cong thirc vé tog dg ciia vecto va cua diém trong khong gian.
— S dung cic phép toin vé vecto trong khong gian.

VAN DE 2: X4c dinh diém trong khong gian. Chitng minh tinh chat hinh hoc. Dién tich -
Thé tich.
— Str dung cic cong thirc vé tog dg ciia vecto va cua diém trong
khong gian.
— S dung cic phép toin vé vecto trong khong gian.
— Cong thirc xic dinh tog dg cia cdc diém dic bigt.
— Tinh chdt hinh hoc ctia cic diém dic biét:

e A B, C thinghing < TB,R’ cung phirong
< AB=kAC < [TB,R]zﬁ

o ABCD li hinh binh hinh <> AB = DC
e Cho AABC' ¢6 cic chin E, F cha cic dwong phin gidc trong va ngoai ciia géc A cua
AABC trén BC'.

Ta co: E—Bz—A—B.E—C, FB:QR'
AC AC

e A B, C, D khong dong phing < E, R,E khong dong phing
| ABAC].AD # 0

VAN DE 3: Phuong trinh mit cau
Dé'viét phwrong trinh mdt diu (S),ta cin xdc dinh tdm I va ban kinh R ciia mdt cdu.
Dang 1: (S) c6 tam I(a; b; c) va ban kinh R :
(S):(x—a) +(y—b’+(z—-c) =R’

Dang 2: (S) co tam I(a; b; c) va di qua diém A :

Khi d6 ban kinh R = IA.
Dang 3: (S) nhan doan thang AB cho triedc lam duwong kinh:

~Tam I la trung diéin ciia doan thang AB :

— Bdn kinh RZIAZ%.

Dang 4: (S) di qua bon diém A, B, C, D (mgt ciu ngoai tiép tiv dien ABCD ):
— Gia sie phwong trinh mdt ciu (S) c6 dang:

P+t + 2 +2ar+2by +2cz+d =0 (*)
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— Thay lin lwgt tog d§ ciia cic diem A, B, C, D vao (*), ta dwoc 4 phwong trinh.
— Gidi h¢ phwong trinh dé, ta tim dwoc a, b, ¢, d = Phwong trinh mdt ciu (S)
Dang 5: (S ) di qua ba diém A, B, C va c6 tdm I ndm trén mjt phang (P) cho trudce: Gidi
twong tw nhw dang 4.
Dang 6: (S ) c6 tam [ va tiép xtic voi mat cau (T) cho trudc:
— Xdc dinh tdm J va ban kinh R' cila mdt ciu (T)
— Str dung diéu kién tiép xiic cua hai mdt ciu dé’tinh bin kinh R cia mdt ciu (S)
(Xét hai trieong hop tiép xiic trong va tiép xiic ngoai)
Chily: Vi phueong trink mgt ciu () :

Y+ 42+ 2y +2c2+d=0 voéid+b+c—d>0

thi () c6 tam I(~a;~b;—c) vabankinh R =a* + " +¢* ~d.

VAN DE 4: Vi tri twong doi gitra hai mt ciu mit cau

Cho hai mgt ciu S, (I,, R)) v S,(I,, R,)
I, <|R -R)| & (8,), (8,)trong nhau
eIl >R +R, < (S,), (8,)ngoai nhau
eI, =|R -R)| < (S,), (8S,) tiep xiic trong
eIl =R +R, < (S,), (8, )tiép xiic ngoai
e|R —R|<II, <R +R, < (S,), (S, )cdt nhau theo mdt diromg tron.

VAN DE 5: Tap hop diém 1a mit ciu - Tap hop tim mit ciu
1. Tap hop diém la mdt ciu

Gid st tim tap hop diéin M thod tinh chit (P) nao do.

— Tim h¢ thikc giita cic tog d§ x, y, 2 cia diém M.

(z—a) +(y—-0+(z—c) =R’

hoic:  °+y’ +2° +2ax +2by +2cz+d =0

— Tim gioi han qui tich (néu cd).

2. Tim tdp hop tdm mdit ciu

z = f(t)
— Tim tog d6 ctia tim I, chang han: Jy = g(t) (*)
z = h(t)

— Khir t trong (*) ta ¢ phwong trinh tdp hop diém.

— Tim gi6i han qui tich (néu c6).
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MAT PHANG

n khac 6 va co gid vuong goc mp(P) duoc goi la véc to phap tuyén cua (P).

—_

2. Néu n I vécto phap tuyén cua (P) thi kn (k # 0) cting 1a véc to phép tuyén cua (P).
3. Phuong trinh tong quat cia mp(P): qua_M(z;y,;2,) 6 véc to phap tuyén n = (4; B;C) la:
Alr—z,)+ By —y,)+C(z—2,) =0
4. Khai trién ctia phwong trinh tong quat:
Ar+By+Cz+ D=0
(A,B,C khong dong thoi bang 0)
5. Nhirng truong hop riéng cia phwong trinh tong quét:

* (P) qua goc toa d6 < D=0

* (P) song song hodc trung (Oxy) <> A=B=0

* (P) song song hodc trung (Oyz) <> B=C=0

* (P) song song hodc trung (Ozx) <> A=C=0

* (P) song song hodac chira Ox <> A=0

* (P) song song hoac chira Oy <> B=0

* (P) song song hoac chita Oz < C=0

= (P) cat Ox tai A(,0,0), cat Oy tai B(0;b;0) va cat Oz tai C(0;0;c)

< (P) c6 phuong trinh £+%+E=1
a c

6. Khoing cch tir 1 diém dén mit phing:

) = ‘A:EO + By, + Cz, + D‘

NA? + B + C?

Cho M(xo;yo;zo)vé (P): Az+By+Cz+ D =0; d(M,(P)

8. Chum mit phang
e Tap hop tat ca cc mit phang qua giao tuyén ctia hai

mat phang (a) va () duoc goila mot chum mdt phang / \

e Goi (d) la giao tuyén ctia hai mit phang d
(0{):141:5+Bly+Clz+Dl =0 va (,B):Azx+B2y+CZz+D2 =0.

Khi d6 néu (P) la mét phéng chta () thi mat phang (P) 6

dang
(P) :m.(Az+By+Cz+D)+n(Az+By+Cpz+D,)=0, m’+n>#0

CAC DANG TOAN THUONG GAP

VAN DE 1: Viét phuong trinh mit phing

D& 1ap phuong trinh mit phing (a) ta cin xdc dinh mot dién thudc (a) va mét VTPT ctia né.
Dang 1: () di qua diém M(mo;yo;zo) c6 VTIPT n = (4; B;C):
(«): A(z-z,)+B(y-y,)+C(2-2)=0
Dang?2: () di qua diém M (z,;y,:2,) c6 cap VICP G, ;
Khi d6 mgt VTPT ciia (e) 1a i = [6,b ]
Dang 3 (a) di qua diém M(xo; Uy zo) va song song véi mit phing
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(ﬂ):Ax+By+Cz + D = 0:
(a): A(x—xO)JrB(y—yo)JrC(z—zO) =0
Dang 4: (a) di qua 3 diém khong thang hang A, B,C
Khi 6 ta c6 the'xic dinh mt VIPT cia () a: 7 = AB,AC]
Dang 5: (a) di qua mot diém M va mot dwong thang (d) khong chtta M :
~ Trén (d) Ly diéin A va VICP ii.
~ M§t VIPT cia (a) li: i = | AM,i]
Dang 6: (a) di qua mot diém M, vudng gdc véi duong thang (d) :
VTCP i ciia dwong thing (d) la mot VTPT cua (a).
Dang 7: (a) di qua 2 duong thing cit nhau d,, d, :
— Xidc dinh aic VICP b ciia cic dwong thing d, d,..
— Mot VTPT ciia (a) la: n = [6,5].
— Lay mgt diem M thudc dihodgc d, = M € (a).
Dang 8: (a) chtta dwong thang d, va song song vdi duong thang d,( d, d,chéonhau):
— Xdc dinh cic VICP @,b ciia cdc dwong thing d, d,
— Mgt VIPT cia (et) la: i = [ b ].
— Lay mgt diéin M thuge d, = M < (a).
Dang 9: (a) di qua diém M va song song véi hai dudng thiang chéonhau d, d, :
— Xdc dinh cic VICP @,b ciia cdc dwong thing d, d,.
— Mgt VIPT cia (et) la: i = [ b ].
Dang 10: (a) di qua mot dueong thang (d) va vudng goc véi mot mit phing (,6’) :
~ Xdc dinh VICP i cia (d) va VIPT ii,, ciia ( B).
— Mgt VTPT ciia (a) la: 7i = [ﬁﬁﬂJ
— Lay mét digm M thuéc d = M e (a)
Dang 11: (a) di qua diém M va vuong géc véi hai mat phang cat nhau (ﬂ), (}/) :
— Xdc dinh cic VTPT ﬁﬁ,ﬁ7 clia (ﬂ) va (;/)
— Mgt VTPT ciia (a) la: 7i = [ﬁﬂ,ﬁy].
Dang 12: (a) di qua duong thing (d) cho trude va cach diém M cho trudc mot khoang &
cho trudc:

— Gid st (@) ¢6 phweong trinh: Az + By + Cz+D =0 (A2 + B+ (% = O).

- Lay 2 diém A, B e (d) = A, Be (a) (ta dwoc hai phwong trinh (1), (2))
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— Tir diéu kién khodng cich d(M,(«)) = k, ta dwoc phwong trinh (3)
— Gidti hé phuong trinh (1) (2) (3) (biing cich cho gid tri mot &n, tim aic dn con lgi).
Dang 13: (a) 1a tiép xtic voi mat cau (S) tai diém H :

— Gid str mit cfu (s) c6 tam I va bin kinh R.

~ Mt VTPT cia (o) Ii: i = IH

VAN DE 2: Vi tri tuong ddi ciia hai mit phing
Cho hai mat phing (P): Ax+By+Cz+D=0 va (P'): Ax+By+C'z+D'=0.
Khi d6: (P) cat (P') <> A:B:C=A":B:C.
, A B C D
(P)//(P) A'_B’_C’?&D’
: A B E D
(P):(P) QA,_B’ C! Dr'
(P)L(P) & iy L) & T Ty =0 > AA'+ BB +CC' =0

VAN DE 3: Khoang cach tir mot di€ém dén mot mit phing.
Khoang cach gitta hai mgt phang song song.
Hinh chiéu ctia mot diém trén mat phang .
Diém d6i xting ctia mot diém qua mit phang.
e Khoing cich tir diéin M, (x5 yy; 2,) dénmat phing (a): Aw+By+Cz+D=0
Ax. + By +Cz +D
d(M,,(a)) = [ Az, + By, + C= + D)
NA* + B* + C?
e Khodng cich giita hai mdt phing song song biang khodng cich tir mot diéin bat ki trén mat

phing nay dén mét phing kia.
Chii y: Néi hai mdt phdng khong song song thi khodng cich giita chiing biang 0.

MH, n cung phuong
H e (P)

e Ditin H 1a hinh chiéu ciia diém M trén (P) @{

e Digin M doi xitng vi diéin M qua (P) <> MM’ = 2MH

Cho hai mat phing (a), (B) c6 phwong trinh:
(oz):/11:1:+Bly+Clz+D1 =0 (,8):AszrB?er(JQz+D2 =0
Gée giita (at), (/B) bing hodc bit v6i goc giita hai VTPT i, i,
.5, A4 +BB,+CC)
‘n‘ ‘n‘ \/A1 + B+ C? \/A2 + B +C}

Chii y: OOS((Q),(ﬂ))SQOO; (@) L(B)= AA +BB+CC,=0

cos (( )
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VAN DE 5: Vi tri tuong d6i giita mit phing va mit cau.
Phuong trinh mit phang ti€p xic véi mit ciu

Cho mgt phiang (a) Az + By +Cz+ D =0 vamitciu (S) (x—a) +(@y-b+(z—-cf =R
. (a) va (S) khong cé diém chung < d(I,(a)) > R
e (a) tigp xiic vsi () e dI(@)=R  (a)latichdin
Dé'tim tog dg tiép diém ta cd thé thiec hién nhw sau:
— Viét phwong trinh dwong thing d di qua tdm I ciia (S) vd vuong goc voi (a).
~ Tim tog A giao dicin H ciia d vi (o). H I tich diéin ciia () véi ().
. (a) cit (S) theo mot dwong tron < d(I,(a)) < R
Déxdc dinh tim H va ban kinh r cia dwong tron giao tuyén ta cd thé thwe hién nhuw sau:

— Viét phuwong trinh dwong thang d di qua tdm I ciia (S) va vuong goc voi (a).
— Tim tog d¢ giao diém H cia d va (a).
H la tam cua dwong tron giao tuyén ctia (S) v0i (a).

Bén kinh r ciia dwong tron giao tuyén: r = \R® — IH”

DUONG THANG
I. Phuwong trinh ctia duong thang;
1) Vect chi phwong ctia duong thang;
Dinh nghia: Cho duwong thang d . Néu vecto a # 0 va cé gid song song hodc trung véi
duong phang d thi vect a duoc goi la vecto chi phwong ctia dwong phang d . Ki hiéu:
a’ (a’l Y (12 Y ag)
@ Chuy:
1) a 1a VICP ctia d thi ka (k#0) c ﬁng 1a VICP cta d
2) Néu d diqua hai diém A, B th1 AB la mot VICP cua d
3) Truc Oz cb vecto chi phuong a=1=(10;0)
4) Truc Oy cb vecto chi phtrong a= j = (0;1;0)

5) Truc Oz ¢4 vecto chi phuong a=k= (0;0;1)
2.Phuong trinh tham s8 ctia dwong thang:

Phuong trinh tham s§ ctia dudng thang (A) di qua diém M, (z,;¥,;2,) vanhan a = (a;a,;a,)

lam VTCP la : y4 o
am a ’a/,
(A)
M, o y.2) x:x0+ta1
] Vi) y (A): y =1y, +ta, (teR)
© z =2z, +ta,
X

3. Phuong trinh chinh tic cia dwong thing:
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Phuong trinh chinh tic ctia dwong thang (A) di qua diém M, o(@,59,52,) vanhan a = (a;a,:a,
lam VTCP la :

AR A

a a, ay

IL. Vi tri twong d6i cia dwong thing va mit phang:
1.Vi tri twong d6i ctia dwong thing va mit phang :
PP HINH HOC

M a (A
N

M
A< S { a )

x =z, +at
Pinh ly: Trong Kg(Oxyz)cho: duong thang (A): 4y =y, +a,t (2) 6 VICP a = (a,;a,;a,)
z =z +apt (3)
va qua M (,:9,;2,) vamat phing (a): Az+By+Cz+D =0 c6VTPT n= (4;B;C)
Khi do:
(A) cat (a) <an#0 < Aa,+ Ba,+Ca, #0
an =0 Aa, + Ba, +Ca, =0
A P 1 2 3
(&) /7 (a) M, ¢ (P) {AxO+ByO+CzO+D¢O
#,q:() Aa +Ba, +Ca, =0
A) c (a) <1 e TR T
M, € (P) Az, + By, +Cz, + D =

a

=]

bicbiet: (A) L (o) avan cung phuong

& aiaca,=A:B:C /{ = =
a

x t(A
PP DAI SO: Mu6n tim giao diém M ctua (A) va (a) ta giai hé phuwong tr‘mh:{pté i tim z,v, 2.
pt(a

Suy ra: M (z,y, 2)
Thé (1),(2),(3) vao phuong trinh mp(P)va rit gon dua vé dang: at +b =0 (¥)
o d cht mp(P) tai mot diém < Pt (*) c6 mot nghiém ¢ .
e d songsongvoi (P) < Pt (*) vo nghiém.
e d ndmtrong (P) < Pt (*) c6 vb s§ nghiém ¢ .
« d vudnggéc (P) < a va n ciing phuong

2. Vi tri twong d6i ctia hai dwong thang:
PP HINH HOC
Vi tri twong d0i ctia hai dwong thiang trong khong gian

Cho hai dwong thang: A, di qua M va cé mdt vecto chi phwong 1, .
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A, diqua N va c6 mot vecto chi phuong i,.
+ A=A, o[, ]=|#,MN]|=0.

(4,1, ]=0
[, MN |20

+ A /A,

(4,11, ] %0

+ AjcatA, & .
[ 4,10, |.MN =0

+ A, va A, chéonhau @[ﬁl,ﬁzjj\/l—l\];ﬁo.

pt(A))

1

tim
pt(A,)

PP PAI SO: Mubn tim giao diém M ctia (A)) va (A,)ta giai hé phuong trinh :{
z,9,2.Suy ra: M(x, y,z)
3) Vi tri twong doi giita dwong thang va mit cau:
r=x,+at (1)
Cho duodng thing d: <y =y, + a,t (2) va mitcau (S) (z—a)l +(y—b +(z—c) =R cd
z =2z, +a;t (3)
tam I(a;b;c), ban kinh R.
PP HINH HQC

[

a

B1. Tinh khoang cach tir tim [ cta mt cau (S) dén dudmg thang d lah = d(I,d) =

B2.So sanh d(I,d) véiban kinh R ctia mat cau:
o Néu d(I,d) > R thi d khongcat (S)
e Néu d(I,d) = R thi d tiép xtc (S)
e Néu d(I,d) < R thi d cat (S)tai hai diém phanbiét M, N va MN vudng gboc voi
duwong kinh (ban kinh) mat cau
PP DAI SO: Thé (1), (2), (3) vao phwong trinh (S)Vé rut gon dua vé phuong trinh bac
hai theo ¢ (*)
e Néu phuong trinh (*) v6 nghiém thi d khong cat (S )
e Néu phuong trinh (*) c6 mot nghiém thi d ti€p xc (S )
e Néu phuong trinh (*) c6 hai nghiém thi d cat (S ) tai hai di€m phan biét M, N
Chii ij: D& tim toa 40 M, N tathay gia tri ¢ vao phuong trinh duong thang d

Nguyén Chién - Hong Qudn: 0973.514.674

Page | 73



ITI. GOc trong khong gian:

1. Géc gitta hai mit phang: n =(A;B;C))

Pinh ly: Trong Kg(Oxyz) cho hai mat n, =(A,;B,;C,)
phing a, f xdc dinh boi phuwong trinh: |\ /[\
(a): Az+By+Cz+D =0 "
(B):Ar+By+Cz+D,=0
e 4o g . A , 0° < p<90°
Goi ¢ la gbc gitra hai mat phang (a) & (f) ta ¢6 cong thirc: =¢=

‘A1A2 + BB, + 0102‘

JA+B +C A+ B+ O

cosQ =

2. Goc giita dwong thang va mat phang:

Cho duong thang (A):x—ZEO:y—byO:z—zO /{/ h
a c
: a
vamat phang () : Az +By+Cz+D =0 5 .
Goi ¢ 1a goc gitta hai mat phang (A) & () ta c6 cong thic: 0" <=90
|[Aa+ Bb+Cdl
sing =
VA + B2+ C* la® + 0 + ¢
3.GOc gitra hai du(‘n}g thing :
Cho hai dwong thang : a, = (a;b;c)
(A): T=% _Y~Y% _*7%
! a b c A
(A): T7% _Y7Y% _F7%
2/ v ' '
0° <p<90°

Goi ¢ la gbc gitta hai mit phang (A)) & (A,)ta c6 cong thire:

‘aa' +bb + cc"

cos @ =

\/&2 +0*+ ¢ .\yia'2 +0% +¢?
IV. Khoang cach:
1. Khoang cach tit mot diém dén mot mat phang:
Cho mit phang (a) : Az + By + Cz + D = Ova diém M (z,;y,;%,)
Khoéng cach tir di€m M, dén mit phang (&) duoc tinh boi :
MO(XO; yO’ZO)
B ‘Axo + By, + Oz, + D‘

d(M ;A) =
HI_' ’ NA? + B> + C*
a
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2. Khoang cach tir mot diém dén mot dwong thing:
Cho duong thang (A) di qua diém M (z;y,:%,) va 6 VICP u = (a;b;c). Khi d6 khoang céch
tir diém Mi dén (A) dwoc tinh boi cong thic:

M, |
/L a_ (a)dMA) = ‘[MO‘#(UJ

M (%o; Yoi2o) H ,
3. Khodng cach giita hai dwong thang chéo nhau:

DPinh ly: Trong Kg (Oazyz) cho hai duong thang chéo nhau :

(A)) co VTCP u= (a;b5¢) va qua M (z;y,;2,)
(A,) co VTCP u =(a;b;c) va qua M (z;y,;2,)

[&,ﬂ.MUM(')‘

Khi d6 khoang cach gita (A,) va (A,) dugc tinh boi cong thitcd(A ,A,) = =——=—=—
. !

\ ]

CAC DANG THUONG GAP

VAN PE 1: Lap phuong trinh duong thang

Dé1dp phwong trinh dwong thing d ta cin xdc dinh mot diéin thudc d va mét VICP ciia né.
Dang1: d di qua diém M (z,;¥,;2,) vaco VICP a = (a,;a,;a,):

17777
r=x +al
(d):Jy=y, +a,l (te R)
2=z +at

Dang 2: d diquahaidiém A, B: Mgt VICP ciia d 1a AB.

Dang 3: d di qua diém M (z;¥,;2,) va song song véi dudong thang A cho truée: Vi d / /A
nén VICP cua A ciing la VTCP ciia d .

Dang 4: d di qua diém M, (z;y,;7,) va vudng goc v6i mit phing (P) cho treede: Vid L (P)

nén VIPT ciia (P) ciing la VTCP ctia d .
Dang5: d la giao tuyén ctia hai mat phang (P), (Q) :
e Cich 1: Tim mot diéim va mét VTCP.

. P
— Tim tog d§ mot diém A € d : bang cich giai hé phiwong trinh {( ) (vdi viéc chon gid

(@)
tri chomot dn)
— Tim mot VTCP cua d : a = [ﬁp,ﬁQ]
o Cich 2: Tim hai diém A, B thudc d, roi viét phwong trinh dwong thing di qua hai diéin do.
Dang6: d di qua diém M (z,;9,;2,) va vudng goc voi hai dudong thing d,,d, :

1772
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VidLld, dLd,nénmftVICP cia d li:d =|a,.d, |
Dang7: d di qua diém M (z,;y,;%,), vuong goc va cat dwong thang A.

e Cich 1: Goi H la hinh chiéu vudng goc ciia M trén dwong thing A.
HeA
MH 14,

Khi d6 dwong thing d la dwong thang di qua M, H.

o Cich 2: Goi (P) Lo mat phing di qua A va vudng goc véi d ; (Q) la mgt phang di qua A va chita d.
Knidé d =(P)n(Q)
Dang 8: d di qua diém M (7,;y,;2,) va cat hai duong thang d,,d, :
eCich 1: Goi M| e d,, M, €d,. Tir diéukien M, M, M, thing hang ta tim dirgc M, M,.
Tir d6 suy ra phuwong trinh dwong thang d.
e Cich 2: Goi (P) =(M,,d), (Q) =(M,,d,). Kni dé d =<P)m(Q). Do d6, mét VTCP
cuad cé thé'chon la a = [ﬁp,ﬁQ].
Dang 9: d nam trong mat phing (P) va cét ca hai duong thang d,,d, : Tim cic giao diéin
A=d (P), B=d,(P). Knidéd chinh la dwong thing AB.
Dang 10: d songsong v6i A va cit ca hai dudng thing d,,d, :

Viét phuwong trinh mgt phing (P) chita A va d, mdt phing (Q)Chifa A va d,. Khi do

d = (P) A (Q)
Dang 11: d 1a dudng vudng géc chung cta hai duong thing d;, d, chéo nhau:
. MN 1d
eCich 1: Goi M, ed, M, €d, . Tir dieu kién , ta tim dwoc M, N. Khi dé, d la
P T = MN 1d,
dwong thang MN.
e Ciich 2:
~Vid Ld, vid L d, nénmot VICP ciia dcd théla: @ =|d, ., |-

— Ldp phwong trinh mdt phing (P) chitad va d, bang cdch:
+ Lay mot diem A trén d,.
+ Mgt VIPT ciia (P) c6 théla: 7i,, = d,a, |.
— Twong tw ldp phwong trinh mdt phing (Q) chitad va d,.
Khidé d = (P) m(Q).
Dang 12: d1a hinh chiéu ctia duong thang A 1én mit phang (P) :
o Lip phuong trinh mdt phiang (Q) chita A v vudng géc véi mat phing (P) bang cich:
-Lay M e A.

-V (Q) chita A va vudng géc véi (P) nén 1, = [ELA,ﬁ ]
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Knidé d =(P)(Q).
Dang13: d di qua diém M, vudng géc véi d, va cat d, :
o Cich 1: Goi N la giao diéim cliad va d,. Tir diéu kien MN L d, ta tim dwoc N. Khi dd, d la
dwong thing MN.
e Ciich 2:
— Viét phwong trinh mdt phang (P) qua M va vudéng goc vdi d,.
— Viét phwong trinh mgt phang (Q) chita M va d,.

Knids d =(P)(Q).

VAN DE 2: Vi tri tuong déi giita hai duong thing

Dé xét VTTD giita hai dwong thiang, ta c6 the sie dung mot trong cic phwong phdp sau:
e Phuong phdp hinh hoc: Dia vao méi quan hé giita cic VICP va dic diéin thudc cic dwong
thing.
e Phurong phip dai s6° Dya vio s6 nghi¢m ciia hé phuwong trinh cic duong thang.

VAN DE 3: Vi tri twong doi gitta dwong thing va mit phang

D& xét VTTD giira dwong thing va mit phing, ta cé thé sir dung mot trong cic phwong phip sau:
e Phurong phdp hinh hoc: Dya vao mdi quan hé giita VTCP ciia dwong thing va VTPT ciia mit
phing.
o Phurong phdp dai s6° Dua vao s6 nghiém ctia hé phwong trinh dwong thang va mdt phing.

VAN DE 4: Vi tri twong déi giita duong thing va mit ciu

D& xét VTTD giira dwong thing va mdt diu ta c6 thé'sie dung cic phwong phdp sau:
o Phurong phdp hinh hoc: Dua vao khodng cdch tie tim mdt chu dén dwong thang va bin kinh.
o Phurong phdp dai s6° Dua vao s6 nghiém ctia hé phwong trinh dwong thing va mét ciu.

VAN BE 5: Khoang cach

1.  Khodng cich tirdiém M dén duong thing d
o Cich 1: Cho dwong thing d di qua M vac6 VICP a.

[Mp.4]
d(M,d) = =—=—
al
o Cich 2: — Tim hinh chiéu vudng géc H ctia M trén dwong thang d.
- d(M,d) = MH.
e Cich 3: - Goi N(x; s z) € d. Tinh MN?theo t (t tham sb'trong phwong trinh dwong

thing d).
— Tim t d& MN* nhd nhat.
_Khi dé N = H.Do dé d(M,d) = MH.
2. Khodng cdch giita hai duong thing chéo nhau
Cho hai dwong thing chéo nhau d,va d,. Biét d, di qua diéin Miva c6 VICP a,, d, di qua diéin M,
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vit 6 VICP d, d(d,, d,) =‘ [a6]
1772

Chii y: Khodng cdch giita hai dwong thing chéo nhau d,, d, bang khoing cich giita d, v6i mdt phing

(a) chita d, va song song voi d,.

3. Khodng cdch giita hai duwong thing song song

Khoing cich giita hai dwong thing song song bang khodng cich tie mot diém thudc dwong thing nay
déin dwong thing kia.

4.  Khodng cdich gita mot duong thang va mot mdt phdng song song

Khodng cich giita dwong thing d véi mét phing (a) song song vdi né bang khodng cich tir mot

diéin M bat ki trénd déi mit phing (c).

VAN DE 6: Géc

1. Goc giita hai dwong thing
Cho hai dwong thing d,, d, lin luot c6 aic VTCP a,, d,.

Géc giita d,, d, bang hogc b1t véi goc giita d,,a,.

cos((il,@) = ‘(‘;Ta;“
112
2. Goc giita mot duong thing va mét mit phing

Cho duong thing dcé VICP a = (a,;a,;a,) vi mit phing (a) c6 VIPT 1 = (A;B;C).Géc giita
dwong thing d va mit phing (a) bing goc gitta dwong thang d vdi hinh chiéu d' ciia né trén (a) .
‘Aa1 + Ba, + Cag‘

\jA2 + B? "'02'\/“12 +a22 +a§

sin(d,(a)) =

MAT CAU
I. Phwong trinh mat cau:
1. Phuong trinh chinh tac:

Phuong trinh ctia mat cau (S) tam I(a; b; c), ban kinh R
a:(S) : (w—a) +(y—bY +(z—c) =R (1)
Phuong trinh (1) duoc goi la phuong trinh chinh tac ctia mit cau
Dicbiet: KhilI=O0thi (O):2° +y° +2° =R’
2. Phuong trinh tong quat:
Phuwong trinh : 2° + y° + 2° —2ax —2by —2cz+d =0 véi a® +b” +c* —d > 0 la phuong

trinh ciia mat cau (S) c6 tam I(a;b;c), ban kinh R = «/aQ +b*+c*—d .
II. Giao ctia mat cAu va mit phang:
Cho mit phang () va mat cau (S) c6 phuong trinh :

(a): Az + By+Cz+ D=0

S):(x—aP +(y—b +(z—cf = R’
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Goi d(I;@) 1a khoang cach tir tim mat cau () dén mit phing o
Cho mat cau S(I ,'R) va mjt phéing (P) Goi H 1a hinh chiéu vudéng goc cua I lén

(P)=d=IH=d(1,(P)).

d>R d=R d<R

Mit phang tiép xtic mt cau.
( p) 1a mit phing tiép dién | Mat phang cat mat cau theo
thiét dién la duwong tron c6
tam I' va ban kinh

r =R - IH’

Mat cau va mat phang khong o wy s
cua mat cau va

c6 diém chung. e ae
& H: tiép diém.

Dang 1: (S) c6 tam I(a;b;c) va ban kinh R: (S) c(z—a)l +(y—b+(z-cf =R
Dang 2: (S) c6 tam I(a;b;c) va di qua diém A:

Phuong phdp: Khi d6 ban kinh R = IA.

Dang 3: (S) nhan doan théng AB cho trudc lam duong kinh:

Phuong phap:
e Tam [ la trung diém ctia doan thang
o mytT, oy Yy, ozt
AB: x, = 5 JY, = 5 2, = 5

o Bénkl’nthfA:%.

Dang 4: (S ) di qua bdn diém A, B,C,D (mit cau ngoai tiép t& dién)
Phuong phap:
e Giasu (S) cé dang: z° + 3y’ + 2% +2az +2by +2cz +d =0 (*)
e  Thay lan lwot toa dd cua cac diém A, B,C, D vao (*), ta dugc 4 phwong trinh.
e  Giai hé phuong trinh d6, ta tim duoc a,b,c,d = Phwong trinh mat cau (S’ ) .
Dang 5: (S) di qua ba diém A, B,C' va cé tam I nam trén mat phang (P) cho truedc:
Phuong phdp: Gidi teong ti nhw dang 4.
Dang 6: (S’ ) c6 tam I va ti€p xdc voi mat cau (T) cho trudc:
Phuong phap:
e Xacdinhtam [ vaban kinh R' ctia mit cau (T)
. Str dung diéu kién ti€p xtic ctia hai mat cau d€ tinh ban kinh R
ctia mat cau (S ) . (Xét hai treong hop tiép xuc trong va ngoai)
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Chua y: V6i phrrong trinh mét cau (S) 2+t + 2 +2ax +2by +2cz+d =0

véi a® +b° +¢& —d >0 thi (S) c6 tam I (—a;—b;—c)va ban kinh R = a2+ + ¢ —d.
Cho hai mat cau S| (Ip Rl)vé S, (IQ, RQ).

« I, <|R - R) < (S,), (8,) trongnhau

«[I,>R +R, < (8,), (8,)ngoai nhau

«II,=|R -R) < (S,), (8, )tép xic trong

e II,=R +R, < (S,), (S,)tiép xc ngoai

|R -R|<II,<R+R, (), (8,)cdt nhau theo mot duong tron

Dang 7: Viét phuong trinh madt cau (S) c6 tam [ (a; b; c) , tiép xdc véi mat phang (P) cho trudc.
Phuong phdp: Ban kinh mat cau R = d(I; P))

Dang 8: Viét phuwong trinh mdt cau (S) co tam ](a; b;c), cat mat phang (P) cho trudc theo

giao tuyén la mot duwong tron thoa diéu kién .
a. Puong tron co dién tich cho truwdce.
b. BPwong tron c6 chu vi cho trudce.
c. buong tron ¢ ban kinh cho trudc.
Phuong phap:
e Tl cong thiic dién tich duong tron S = 7z7r° hodc chu vi duong tron P =277 ta tim
duoc ban kinh duwong tron giao tuyén 7.

e Tinhd = d(],(P))
e Tinh ban kinh mit cau R = \d* + 7’
e Kétluan phuong trinh mat cau.
Dang 8: Viét phuong trinh mdt cau (S) co tam I(a; b;c), cat mat phang (P) cho trude theo

giao tuyén la mot duwong tron thoa diéu kién.
Phuong phdp:

e Tacédban kinh matcau R = d([;(P))
e Két luan phwong trinh mat cau.
Dang 10: Viét phuong trinh mat cau (S ) tiép xtic véi mot duong thang A cho trwedc va cé tam
I(a;b;c) cho trwdc.
Phuong phdp
Duong thang A tiép xtc véi mit cau (S) taco R = d(], A) .
Dang 11: Viét phuong trinh mat cau (S ) tiép xtic véi mot duong thang A tai ti€p diém
M (azo, v, zo) thudc A va c6 tim I thudc duong thang d cho trude.
Phuong phdap
¢ Viét phuong trinh mat phing (P ) di qua diém M va vudng gdc v6i duong thang A.
e Toadotam I = (P) M A la nghiém ctia phurong trinh.
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* Bénkinh mitcau R = IM = d(I,A).
e K&t luan vé phuwong trinh mét cau (S )
Dang 12: Viét phuong trinh mat cau (S) cé tam I(a; b;c) va cat duong thang A tai hai diém
A, B thoa man diéu kién:
a. Do dai AB 1a mot hing sé.
b. Tam giac /AB la tam gidc vuong.
c. Tam giac IAB la tam giac déu.
Phuong phdp

Xéc dinh d(I,A) — JH,vi AIAB cantai I nén HB = A7B

a. Ban kinh mat cau R = \IH* + HB?

b. Ban kinh mat cau R = m
sin 45°
c. Ban kinh méat cau R = il
) sin 60°
MOT SO DANG GIAI NHANH CUC TRI KHONG GIAN
Cho (P) va hai diém A, B. + N&u A va B trai phia so véi (P)
Tim M e (P)dé (MA+ MB) ? = M, A, B thing hang= M = AB ~(P)
+ Néu A va B cung phia so v6i (P)
Tim B' 1a d6i xiing cia B qua (P)
— M, A,B' thing hang = M = AB'n (P)
Cho (P) va hai diém A, B. + Né&u A va B ciing phia so véi (P)
Tim M e (P)dé |[MA-MB| * = M, A,B thanghang = M = AB (P)

+ N&u A va B trai phia so v6i (P)
Tim B' 14 d61 xting cua B qua (P)

:‘MA—MB":AB'

Cho diém M(xM;yM;zM) khong thuoc

cac truc va mat phang toa do. Viét (P) L A |
phuong trinh (P) qua M va cat 3 tia 3z, Yy 32y
Oz,0y,0z 1an ludt tai A, B,C sao cho

V., 1pc nho nhat?

Viét phuong trinh mét phing (P ) chta (p QuaAed

duong thing d, sao cho khoang cach tit ' ﬁ(P) = |:|:ZLd,A—M:| , ’ZLdjl
diém M ¢ d dén (P) la16n nhat?

Viét phuong trinh mét phing (P ) (P) ' {QuaA -

qua A vacach M mot khang 16n nhat n(r) = AM
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Viét phuong trinh méit phing (P ) chiia QuaAed
) P):<- . B
duong thang d, sao cho (P) tao v61 A ( n(p) = [[Ud,UAJU/d}
(Akhong song song v6i d ) mot géc 16n
nhit 12 16n nhat ?
Cho A/ / ( P) . Viét phuong trinh Lay A e A goi A'la hinh chiéu vudng goéc cua
duong thang d song song véi A va A trén (P) d: 62uaf£
cach A mot khoang nhé nhat ? Ud = Ua
Viét phuong trinh dudng thing d di QuaAed
ua diém A cho trude va ndm tron d:<- -
a 5 ) & Ud = |:TL(P),AM:|
mat phang (P ) cho truée sao cho
khoang cach tit diém M cho trude dén
d 12 16n nhat (AM khong vudng goc
véi (P))?
Viét phuong trinh duong théng d di QuaAed
qua diém A cho truée va ndm trong d:<- - = -
WY ’ Ua = Hn(p),AM},n(p)}
mat phang (P ) cho truéce sao cho
khoang cach tit diém M cho trudc dén
d 12 nh6 nhat (AM khong vudng goc
véi (P))?
Viét phuong trinh dudng thing d di QuaAed
qua diém A e (P) cho truée , sao cho d: ;d _ H;(P)’E};(lj)}
dnam trong (P) va tao v6i duong
thdng A mot géc nhé nhat véi A cét
nhung khong vuong géc véi (P) ?
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CASIO Oxyz - KY THUAT VIP XU’ NHANH GON BANG
“MODE 8 KET HQP VGI CALC DON VI” TRONG
DUONG THANG - MAT PHANG - MAT CAU

Lé Master'*

Tom tat ndi dung

Bai viet cung cap mot so thii thuét giai nhanh cac bai toan lién quan dén duong thang, mat
phang va mat cau trong khéng glan Oxyz. Vi thoi gian c6 han, tac gia chi trinh bay mét phan
nho cla chuyén dé, quy déc gia c6 thé xem trén wall facebook clia nhém hodc kénh youtube
[1] d€ biét thém chi tiét.

Keywords

May tinh cam tay — Oxyz — dudng thang — mat phang — mat cau.

'Nhém Céng Thitc Gidi Nhanh Todn va Thi Thuét Casio.

*IATEX hda bdi Duong Trac Viét.

Muc luc Quy uvoc

Quy wdc 1 1. Déu (X] hoidc dé tréng: tich cé huéng |...., .. .];
1 Bai toan vé duwong thang 1 2. DAu e: tich vo huéng (1énh B @);
1.1 H!nh ChIeEJ cuadiémlénduong ....... 2 3. Du [@): do dai vector hodc tri tuyét déi | ... |

Cach 1 e Cach 2 .

s e e s (1énh (str) fyp));
1.2Khoang cach tu diém dén duong ..... 2
1.3Diém dbi xting qua duong thang . ... ... 2 4. Dau — Va  : gin vector vao Ve = (con neu
. . khong néi gi thi cac ban hi€u nhiing thanh

2 Bai toan ve mat phang 3 phan trong phép tinh vector dudc gan tucng
2.1Hinh chiéu clia diém lénmat ......... 3 ting).
2.2 th)ang, cach tu diém dén rznat ........ 3 C6 ba loai thuong diing, dé 1a 100, 1000
2.3Dbiém doi xung qua mat phang ......... 3 va1/100. Bai viét nay dugc minh hoa véi 100.
3 Bai toan vé mat cau 3
4 Tuwong giao giira duong thang véi mat phang 1. Bai toan vé duong thang

va mat cau 3

) Pudng thing A di qua A(xo;yo;20) va c6 vector
4.1Tim giao diém gitra duong va mat phang 3  chi phuong (VTCP) ii = (a; b; c) thi ¢6 phuong trinh
4.2Tim giao diém gilta dudng va mat cau . 4 thamsola

5 Luuy chung 4 X =xo+at,
Tai liéu 4 A: qy=yo+br,
Phu luc 4 7=2z0+ct,
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hay néi cach khac, né dugc viét dudi “dang toa
do” A: (x;y:z) = (xo +at;yo + bt; 70+ ct). Pua vé
gonhon,tacod A: (x;y;2) = (x05Y0,20) +1(a;b;¢c) =
A+t
Vay,

A: (xy3z) =A+tid|,

1.1 Hinh chiéu cua diém lén dwong
Tim toa do B’ 12 hinh chiéu ctia B(x1;y;;z1) 1én
A?

1.1.1 Cach 1

Taco6 B € A= B = A+tii. Tatimt._>
_V B 1a hinh chiéu ciaB1én Anén BB L A &
BB 1 ii< BB eii=0<« (B'—B)eii=0

< (A+ti—B)eli=0=1.
Cdch bdm mdy:

1. GanA — VctA, u — VcetB, B — VtC,

2. Bim | (VctA+VetB x 100 —VetC) e VetB| ()

két qua 1;

P a b
3. Kétqua 1 ai4b =0 =1 =1 = 2L,
ai

4. Vay B' = A+1,i,

hay |B' =VctA+VctB x —by +~ay |

1.1.2 Cach 2
Taco B € A= B = A+tii.
Vi B’ 1a hinh chiéu cta B 1én A nén BB =

= min BBy. Ngoai ra, do d(B,A) > 0 nén
BpeA

(B,A)
(B,A) nho nhit < d*(B,A) nho nhét. Ta tim ¢ dé
2(B,A) nho nhit. Ta c6

QU

)

QU

d

2 I I
d (B,A):’BB —|A+ti—B*=1.

Cdch bdm mdy:

1. GanA — VctA, u — VetB, B — VtC,

2. Bam|Abs(VctA+VetB x 100 — VerC)? | (E)
két qua 2;

2 . ~ docvé dao hi
3. Két qua 2 ('gve 02l2+b2t+c2:01 5.10_>am
b
Qart+by =0t =1 = ——;>
2a>

4. Vay B' = A + 1ol
hay |B' = VctA+VctB x —by + (2a2) |.

Chuy
Dép 4n khi giai bang Cach 1 va Cach 2 1a gidng
nhau

B =VctA+VctB x —by +ay
=VctA+VctB X —by + (2ay).

1.2 Khoang cach tir diém dén duong
Tim khodng cich d(B, A) tit B(x1;y1;21) dén A?
Van dung ¢ (¢ hoic 1) & phan 1.1,

H
d(B,A) = ‘BB’

= |A +tii — B|

=Abs(VctA+VetB xt—VctC) |.

Néu mdy hién s6 v ty, c6 thé gan két qua vao

X roi qua [i0g (i) bam (va) =’

1.3 Piém d6i xtirng qua dwong thang

Tim toa do diém db6i xing B” ctia B(x1;y1;21)
qua A?

Dung ¢ & phan 1.1, vi hinh chiéu B ctia B 1én A
B +B//

1a trung diém BB” nén B’ = 5

< B"=2B'-B
=2(VctA+VetB xt) —VetC|.

"Lu6n vo nghiém vi @*(B,A) > 0 néu B ¢ A.

2C6 thé ding (5] (3] ctia CASIO 570 VN Plus (hoiic
(6] (6] cia VINACAL 570ES Plus II) d€ dugc X-value
minimum= ——= va ¥-value minimum= o> (B,A).

a

3Theo ngudi danh mdy, doc gia nén giai cach 1.1.2 v6i
(8] (8] cia CASIO 570 VN Plus (hoic (6] (8]
ctia VINACAL 570ES Plus 1I) d€ dudc Y-value minimum
= d°(B,A), tir day liy cin béc hai ctia Y-value minimum ra
ngay d(B,A).
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2. Bai toan vé mat phang

Cho miit phang (P) c6 phuong trinh téng qudt
(P): ax+by+cz+d=0

Dé théy vector phap tuyén (VTPT) ctia (P) la
it = (a; b;c). Khi dé, ta c6 thé viét (P) dudi “dang
toa d6” (P): (a;b;c) @ (x;y;2) +d = 0, hay rut gon
hon, (P): rie (x;y;2) +d =0.

Vay, | (P): rie (x;y;2) +d =01

2.1 Hinh chiéu cta diém lén mat

Tim toa do B’ 1a hinh chiéu ctia B(x1;y;;z1) 1én
(P)?
Vi B’ 12 hinh chiéu cda B 1én (P) nén BB’ L (P),
do d6 dudng thang BB’ nhan 7 lam VTCP. Phucng
trinh BB’ ¢6 dang BB': (x;y;z) = B+ tii.

Do B’ € BB’ nén toa @6 B' = B+ tii, ta tim t.
Ngodira, B € (P)néniieB +d =0

< (B+tii)eii+d=0=1t.
Cdch bdam mdy:

1. Gan B — VctA, n — VciB;

2. BAm | (VctA+VctB x 100) o VctB+d | (Z)
két qua;

2 & b
3. Kétquéd('gveat+bzo—>t: ——
a

4. Vay B' = B+1ii,
hay |B' = VctA+VctB x —b+al|,

2.2 Khoang cach tir diém dén mat

Tim khoang cach d(B, (P)) ti B(x;;y1;z1) dén
(P)?
Van diing ¢ & phan 2.1,

d(B,(P)) = }ﬁ

= |r7i|

= Abs(VctBx —b=+a) |.

Néu mdy hién s6 vo ty, c6 thé gan két qua vao

X roi qua [i0g (i) bam (va) (3.

2.3 Diém doi xirng qua mat phang
Tim toa do diém dbi xiing B” ctia B(x1;y1:21)

qua (P)?
Dung ¢ & phan 2.1, vi hinh chiéu B cia B 1én A
5 -2 iAo BT B"
la trung diém BB” nén B = 5

< B"=2B'-B
=2(VctA+VctBx —b=a)—VctA|.

3. Bai toan vé mat cau

Cho mit cau (S) c¢6 tdm I(a;b;c), ban kinh R.
Goi A(x;y;z) 1a diém thudc (S). Khi d6 phuong
trinh cta (S) c6 dang

2
IA2=R?’ & ’ﬁ‘ — R?

SA-I? =R =||(xyz) -1 =R*|

4. Tuang giao gilra duwdng thang
voi mat phang va mat cau

4.1 Tim giao diém gilra dwdng va mat phang

X =xo+at,
Timtoadd M =AN(P) v6iA: { y =y + bit,
Z=20+cC1t,

va (P): apx+byy+cpz+dy =0?

Dé thiy A di qua A(xo;y0;20) va c6 VTCP ii =
(ar;by;c1); (P) c6 VIPT 7i = (ay; ba;c2). Ta viét lai
phuong trinh ciia A va (P) 6 dang toa do: A: (x;y;z) =
A+rtiva (P): (x;y;z)eni+dy=0.

ViM € Anén M = A +tu, ta tim t. Mat khac,
M€ (P)nénMeii+d, =0

& (A+tu)eri+dy, =0=1.
Cdch bdm mdy:

1. Gan A — VctA, U — VetB, i — VctC,

2. Bam|(VctA+VctB x 100) e VctC +ds | ()
két qua;

4 a b
3. Kétqua S ar+b=0—1=—2;
a
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4. Vay M' = A +tii,
hay|M:VctA+VctB>< —b+a|.

4.2 Tim giao diém gilra dwong va mat cau

X =Xxp+at,
Timtoadd M =AN(S) v6iA: < vy =yo+byt,
=20+ c1t,

va (8): (x—a2)?+ (y—b2)* + (z—c2)> = R*?

Dé théy A di qua A(xo;y0;20) va c6 VTCP i =
(ar;b15¢1); (S) co tam I(a;b;c) va ban kinh R. Ta
viét lai phuong trinh ctia A va (S) & dang toa do:
A: (xyiz) =A+tiva (S): |(xy:z) =1 =R

ViM € Anén M = A +tii, ta tim ¢t. Mat khac,
M e (S) nén |M —I> = R?

S|A+tii—I*—R*=0=1.
Cdch bdm mdy:

1. GinA — VctA, u — VerB, I — VG,

2. Bdm|Abs (VctA+VetB x 100 — VerC)* — R?

=) két qua;
3. Két qua 903 4t + bt +¢ = 0;

4. Dung (5] (EQN) giai phuong trinh bac
hai,

(a) Néura?2 nghiémt; # t, — 2 giao diém
M =A+1u;

(b) Néura 1 nghiém ¢ — A tiép xiic (S) tai
M = A+t

(c) Néura 2 nghiém c6 chit i — vd nghiém
— khong ¢6 giao diém.

5. Lvu y chung

1. Giai doan tim ¢, doc gia nén nhim 4 nhim tan
dung biéu thiic da nhap trén may, khdi phai
nhap lai do chuyén (0Dg .

“LAy dao ham, hoic st dung cong thiic hoanh do dinh
parabol, hay diing mot mdy tinh cam tay khéc c¢6 chic ning
x4c dinh X-value minimum d€ bim song song.

2. PéE ki€ém tra tinh chinh xdc cta ¢ = fy viia tim

dudc, doc gia quay lai bi€u thic vita nhap,
thay 100 bdi t rdi bim (=), néu may hién 0
thi 7 d6 la dung.

Tai liéu

I Tham & Lanh Huyét CASIO-VINACAL

(2017), truy cap ngay 19-5-2017 tai
youtube.com/channel/UCjtrGplhih6N107ZdqgG9B5A

Phu luc

Chiing t6i tdng hdp mot sd cong thiic trong hinh
hoc Oxyz va dang CASIO tuong ting

1. Do dai: AB = ’ﬁ) s Abs(VctA —VetB);

2. Khoang cdch diém - mit phang:

_ [Meii+d
7|
—Abs(VctAeVctB+d)—+Abs(VctB);

d(M, (P))

3. Khoéng cich diém - dudng thang:

27|
i

—Abs(VctA x VctB) +Abs(VctB);

d(M,A) =

4. Khoang cich giita 2 dudng thang:

— L.
’Mle'[ul,uz]‘

[1’7171’72”

|
— Abs (VctAe (VctB x VctC))+Abs(VctBxVctC);,
5. Géc giita 2 duong thang (hodc 2 mit phang):

COsSO = |l/il.ﬁ2| (Z |}:l.l.?»2|)
|id | |1k |7y | |72

— Abs(VctAeVctB) =+ (Abs(VctA) x Abs(VctB));

6. Goc gitta dudng va mat:

— Abs(VctAeVctB) -+ (Abs(VctA) x Abs(VctB)).
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H. GOC VA KHOANG CACH

1. Puong thang vudng goc véi mat phang

Phwong phdap 1

Dé chirng minh duwong thang d vudng géc véi mit phang (o) ta chirng minh d vudng géc véi hai
duong thang a,b cat nhau nam trong (o).

d

1 d1b
u >|< ey 2 dL®).

anb=1

Phwong phdap 2
St dung tinh chat: d||A, ma A L(a) thi d L (o).

d|

/ b /
o | :

|
Phwong phdp 3

Né&u hai mit phang (o), (B) vudng goc véi nhau va cdt nhau theo giao tuyén A, dwdng thang nao
nam trong mat phang (B) ma vudng géc véi giao tuyén A thi vudng gdc véi mit phang (o).

Phwong phdp 4
Né&u hai mat phang phan biét cing vudng géc vdi mat phang thir ba thi giao tuyén clia chiing vudng
gdc v&i mat phang thir ba do.

(P)L(R)
[ d QLB r=al(R).
(P)N(Q)=a
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Phwong phdp 5

Né&u hai mat phang song song véi nhau, duong thang d vudng géc véi mét phang nay thi né vudng
gdc v&i mat phang kia.

£
L

2. Hai mét phang vudng goc

Phwong phdp 1 /4
Muén chirng minh hai mét phdng vudng gdc véi nhau ta chirng minh d
mat phang nay chira mot dudng thang vudng goc mit phang kia.
dLP)
=)L
de (@) () L(B)

Phwong phap 2 /
, ‘ . @I ooy i v T
S dung tinh chat: (y)J_(oc)}:(Y)J_(B)' /

/

d

Phwong phap 3
S dung tinh chat (o) Ld, ma d||(B) hodc d = (B) thi (o) L(B).

o

3. Hai dwong thang vuéng géc
Phwong phdp 1
Mudn chirng minh hai dwong thang vudng géc véi nhau ta

chirng minh dwong thang nay vudng géc véi mit phang chira / I /
d1l(@) 4 l
|

duong thang kia. }:>dia.

ac (o)
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Phwong phap 2

Néu duong thang a song song mat phang (o), ma duwong thang d vudng géc mat phang (o), thi
d vudng géc véi duwong thang a .

d/
Y

1@ g1
4. Goc

4.1 Goc giiva hai dworng thdng

Phwong phap

Buwdc 1: Tim mot diém O tuy y (c6 thé |ay trén duwong thang a hodc b). Tir O dung hai tia Oa' va

Ob' 1an lugt song song véi a va b dugcgoc a'Ob'=¢.

Buwdrc 2. Tinh s6 do clia géc ¢ bang céc dinh Iy va tinh chat cda hinh hoc phang hay dinh ly césin.

Chu y: géc gitta hai dwong thang khong 16 hon 90" .

\
4.2 Goc gitra dworng thang va mit phang
Phwong phdp
Dé xac dinh goc gitta duwong thang d va mét phang (o) ta thuc hién nhu sau:
Budc 1: Xac dinh hinh chiéu vuéng géc clia d xudng mat phang (o) la d'.

+Tim giao diém O=dN(a).

+ Dung hinh chi€u vudng géc ciia A xuéng (o) 1a H (chon dwong thang diqua A va vudng géc
véi (o) ).

Budc 2: Géc gitra duwong thang d va d' 13 géc dwong thang d va mat phang (o). Tinh s do cla
géc d6 bang hé thire lvgng trong tam gidc vudng.
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4.3 Goc gitra hai mat phang
Dé xac dinh géc gitta hai mat phang (o) va (B) talam nhuv sau:
Phwong phap 1

Tim hai dudng thang a,b 1an lwgt vudng géc véi hai mét phang (o) va (B). Khi dé géc gitra hai
duong thang a,b chinh 13 géc gitra hai m3t phang () va (B).

l
al((x)}:@:((a)’(ﬁ)). o AN

bL(P)
Phuwong phdp 2
Xdac dinh giao tuyén A cda (a)va (B).
Lay diém I € A.Trong (o) dung a L Atai I.Trong (B) dung b L Atai I.

Khi d6 goc gitta hai duong thang a,b chinh |a goc gitta hai mat phang (o) va (B).

="

Phuong phdp 3

Xdc dinh giao tuyén A cda (a)va (B).

Trong (B)1ay diém A . Dung hinh chiéu H cla A xudng mat phang (a.).
T H dung HI L A.

Khi d6 géc AHI 1a goc gitta hai mat phdng (o) va (B).
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Ay

/
& N\

Phwong phdp 4

Xdc dinh giao tuyén A cla (a)va (B).

Chon mit phang (y) LA.

Tim cac giao tuyén a=(y)N(a), b=>F)N(P).

Khi d6 géc gitra hai dwong thang a,b chinh 13 géc gitra hai mat phang (o) va (B).

N -\

Phwong phdp 5 St dung cong thirc dién tich hinh chiéu S'=Scoso .
5. Khoang cach
5.1 Khoang cach tir mdt diém dén mot duong thang

Dé tinh khoadng cach tir diém M dén duwong thang A ta can xac dinh dwoc hinh chiéu H cuda diém
M trén duwong thang A. Diém H thuong duoc dung theo hai cach sau:

- Trong mit phang (M,A)vé MH L A.Khidé: d(M,A)=MH .
- Dywng mat phang (o) qua M va vudng goc véi Atai H . Khidé: d(M,A)=MH .

il

5.2 Khoang cach tir mot diém dén mot mat phang

Cho diém M va mit phang (o). Goi H 1a hinh chiéu clla M xudng (o). Khi d6 MH dwoc goi la
khoang cach tir diém M dé&n mat phang (o).

Phuwong phdp 1
Bwdc 1: Chon mat phang (B) qua M va vudng géc véi ().

Budc 2: Xac dinh giao tuyén d =(a)N(P).
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Budc 3: Trong mit phang (B)ké MH L d.vay MH =d(M,(a)).

LS

Phwong phdp 2
Gia slr d3 biét d(A,(a)), IM va IA.
-Néu AM || (o) thi d(M,(a))=d(A,()).

d(M. (@) _IM

-N&u AM cat (o) tai I thi
dA.@) IA

M A

M
H K H
o o

5.3 Khoang cach giira hai dwong thing

Khoang cach gitra hai dwong thang Ava A':
-N&u A va A' cat nhau hodc trung nhau thi d(A,A")=0.
-Néu A va A' song song véi nhau thi d(A,A")=d(M,A")=d(N,A)

M K A

Al

2 N
5.4 Khoang cach giira dwong thang va mit phang
Khoang cach gitra dudng thang Ava (a):

-N&u A cat (o) hodc A nam trong (o) thi d(A,(a))=0.
-Néu Al| (o) thi d(A,(a))=d(M,(a)).

A

5.5 Khoang cach gitta hai mit phing
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Khodng cach gitta hai mat phdng (o) va (B)
-N&u (@) cit (B) hodc (@)= (B)thi d((@),($))=0.
-Néu ()| (B)thi d((a),(B))=d(M,(B)).

o
ya

5.6 Khoang cach giira hai dwong thing chéo nhau

Puong vudng goéc chung clia hai duong thang chéo nhau A va A' |a dwong thang a cat A& M va
cdt A' & N dong thoi vudng géc vdica Ava A'.

Doan MN dugc goi 13 doan vudng géc chung clia hai dudng thang chéo nhau Ava A'.

/”r/

Chon méit phdng (o) chira duwong thang A va song song véi A'. Khidé d(A,A)=d(A',(a)).
M A’

Dung hai mat phdng song song va lan lwot chira hai dwong thang. Khodng cach gitta hai mat phang
dé 1a khoang céch can tim.

//A

/ o

Phwong phdp 3 Dung doan vudng géc chung va tinh dé dai doan dé.

Phwong phdp 1

jas]

Phwong phap 2

Trwong hop 1: A va A' vira chéo nhau vira vudng goc véi nhau

Budc 1: Chon mat phang (o) chira A' va vudng géc voi Atai 1.
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Khido 1J la doan vubng géc chungva d(A,A)=1J .

A

L=

Truwong hop 2: A va A' chéo nhau ma khong vuéng géc véi nhau

Budc 1: Chon mat phang (o) chra A' va song song vdi A.

Budc 2: Dung d 13 hinh chiéu vudng géc clia A xudng (o) bang cach 18y diém M € A dyng doan
MN J_(oc), lic d6 d 1a dudng thang diqua N va song song véi A.

Budc 3: Goi H=dNA', dung HK || MN

Khi dé HK la doan vubng géc chungva d(A,A")=HK =MN .

K M A
T

Al

Hoac
Buwdc 1: Chon mat phang (o) L Atai 7.
Bwdc 2: Tim hinh chiéu d cla A' xudng mat phang (o).

Bwdc 3: Trong mat phang (o), dung IJ L d, tr J dung dwong thang song song véi A cit A' tai
H ,tv H dung HM || IJ .

Khi dé6 HM la doan vudng goc chung va d(A,A)Y=HM =1J .

A A

a4

~

6. Bai toan khac

DANG 1: Thiét dién tao béi mdt phdng di qua mét diém va vudng goc véi mét dworng thdng d cho
trworc

Cach xac dinh mp(a ) di qua diém A va vudng géc véi dudng thang d:
Cach 1:

+ Ké duong thang a qua A va vudng goc vai d.
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Khi d6, mp(a,b) chinh la mp(a ) can dyng.

Céch 2: Néu c6 d vudng gbc vdi (P). Dung (oc) qua Ava ((x)//(P)

DANG 2: Thiét dién tgo b&i mét phdng chira mét dworng thang va vuéng géc mét mdt phédng cho
truoc.

Cach xac dinh mp(a ) chira dudng thang a va vudng goéc véi dudng thang mp(B) trong dé (
al_mp(B)):

+ Chon mot diém A trén dudng thang a.

+ K& dudng thang qua A va vudng géc véi mp( B ).

Khi d6, mp(a,b) chinh la mp(a ) can dwng.

Két qua:

+ N&u mdt duwdong thang va mot mp cung vudng goéc véi mot duwong thang (dwong thang khdng nam
trong mat phang) thi song song.

+ NE&u mot dudng thang va mdt mp cung vudng goéc véi mat phang (dudng thang khong nam trong
mat phang thi song song.

DANG 3: Dwng mét duwdrng thdng d qua mét diém A va vudng géc vei mét phdng (P)
Cach 1: Néu c6 a L (P): Dyng d song song véi a. Khidé d L (P)
Cach 2:

+ Dyng mat phang (Q) qua diém A va (Q) 1L(P);

+ Tim giao tuyén b cda (P) va (Q);

+ T diém A dung duwdng thang d vudng goc vdi b.

Khi d6: d 13 dwdng thang can dung

DANG 4: Chon mét mét phdng qua diém A va vuéng géc véi mdt phdng (P ) cho truéc
Cach 1: Néu d3 c6 mot duwong thang a vudng goc vaéi dudng thang b trong (P).

TU mot diém M nao dé trén a, ké mot dwong thang MH vudng goc véi b.

Khi d6: mp(a,H) chinh la mat phang can dung.

Cach 2: Néu biét mat phang (Q) vudng géc véi (P).

TU diém A ké [an lwot hai duwong thing song song véi hai dwong thang cat nhau trong (P).
DANG 5: Tim hinh chiéu H cia diém M Ién mdt phdng (P)

Quy tac chung:

+ Diém thudc mat phang thi hinh chiéu clia diém dé 1én mat phang la chinh noé;

+ Diém khong thudc mit phang:

- Dung mot duwong thang d qua diém A va vudng goc véi (P); - DANG 3

- Tim giao diém claH cla d va mét phang (P). Khi d6, H chinh Ia hinh chiéu cla diém A |&n (P)
DANG 6: Tim hinh chiéu ciia dwdng thdng d ( khéng vubng goc véi (P)) 1én mét phéng (P).
Cach 1:

Chon trén d hai diém A & B. (néu d cat (P) nén chon 1 diém |a giao cla d va (P))

Trung tGm luy n thi chét lwona cao Thanh Dat — Tay M8, Nam Tir Liém, Ha Noi Page 75
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+ Tim hinh chi€u A’, B’ [an luot cha A, B 1én (P).

+ Duong thang d’ qua A’, B’ chinh 13 hinh chiéu ctia d Ién (P)
Cach 2:

+ Chon mat phang (Q) chtra d va (Q) 1 (P);

+ Khi d6, giao tuyén d’ cta (P) va (Q) chinh Ia hinh chiéu cGa d |1&n (P).

DANG 7: Ti sékhodng cdch

d(A,(P)) AM
d(B,(P)) BM

+ Né&u AB song song vdi (P) thi d(A,(P))=d(B,(P)).

+ N&u duwong thang AB cat (P) tai M thi:

Trung tGm luy n thi chét lwona cao Thanh Dat — Tay M8, Nam Tir Liém, Ha Noi

Page 76



UNG DUNG PHUONG PHAP TOA PO PE GIAI TOAN HINH
HOC KHONG GIAN

Buéc 1. Chon hé truc toa do Oxyz trong khong gian
Ta co6: Ox, Oy, Oz vudng goc v6i nhau tmg d6i mot. Do do, néu hinh v€ bai toan cho ¢6 chira cac canh vuong goc
thi ta vu tién chon cac canh d6 lam truc toa do. Cu the:

1. Véi hinh 14p phwong hodc hinh hp chir nhat ABCD.A’B’C’D’

7 ok
A D'
B GI
Al D .
) .-"' ‘}.1
x /B C
Véi hinh 13p phwong

Chon hé truc toa do sao cho:
A(0;0;0); B(a; 0;0); C(a;a;0); D(0; a; 0)
A’(0; 0;a); B’(a; 0;a); C’(a;a;0); D’(0; a; a)

Véi hinh hop chir nhat.

Chon hé truc toa do sao cho:

A(0; 0; 0); B(a; 0;0); C(a; b;0); D(0;b;0)
A’(0;0;¢); B’(a; 0;¢); C(a;b;c); D(0;b; )

2. Véi hinh hop day la hinh thei ABCD.A’B’C’D’

Chon hé truc toa do sao cho:

e Gbc toa d6 trung véi giao diém O cua hai duong chéo cua hinh thoi ABCD
e Truc Oz di qua 2 tdm cua 2 day

3. Vé6i hinh chép tir giac déu S.ABCD
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Chon hé truc toa dd nhu hjnh ve
Gia sir canh hinh vuoéng bang a va duong cao SO =h
Chon O(0;0;0) 1a tam cta hinh vuéng

Khi d6
A(_ioo) C—- J— :0;0); :B(O:—¥;O); D(&#;O)
S(0,0,h)

4. Véi hinh chép tam giac déu S.ABC
A

cach 1: Chon hé truc toa d(f)‘nhu hinh vé i i
Gia sir canh tam giac déu bang a va duong cao bang h. Goi I 1a trung diém cua BC
Chon hé truc toa d¢ nhu hinh v€ sao cho 1(0;0;0)

Khi do:
A(—%;0;0);B(§;0;O)
c(o; */_ :0);S(0; 2= \/_ :h)

cach 2: chon H tring véi gbc toa dd O

tinh Cl = ?AB— [— CH:TJ_ HI—i—>suyradctoadocacdmh
A(—E;—ﬁ;O)ery;B(g a\/_ ;0) € Oxy,C(0;—— avs, ;0) e oy;

2 6 6 3
S(0;- %/_h) 0yz; 1(0;- %/—O) Oy

cach 3: tir A ta dung dwdng thang Az // SH, Ax // BC
chon h¢ truc sao cho A= 0O (0;0;0),

112
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a a\f_

( ;0) € Oxy;

a a\f_
a\/_

S(0,——:h)eoz
(3)e

;0) € Oxy,

5. Véi hinh chép S.ABCD ¢6 ABCD Ia hinh chir nhat va SA L (ABCD)

ABCD 14 hinh chit nhat AB = a; AD = b va chiéu cao bang h
Chon hé truc toa d¢ nhu hinh v€ sao cho A(0;0;0)
Khi do6: B(a;0;0); C(a;0;0);  D(0;b;0);  S(0;0;h)

6. Véi hinh chép S.ABC ¢6 ABCD la hinh thoi va SA L (ABCD)

sf

A A

ABCD 14 hinh thoi canh a va chiéu cao bang h
Chon hé tryc toa d¢ nhu hinh v€ sao cho O(0;0;0)

7. Véi hinh chop S.ABC ¢6 SA L (ABC) va A ABC vuong tai A
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Arz

S
A —I\C_z
X

\Q‘

Tam gidc ABC vudng tai A c6 AB = a; AC =b dudng cao bang h.
Chon hé truc toa d6 nhu hinh v€ sao cho A(0;0;0)

Khi dé: B(a;0;0); C(0;b;0); S(0;0;h)

8. V6i hinh chép S.ABC ¢6 SA 1 (ABC) va A ABC vuong tai B

S z
zxﬂ\Lg

A /
B
Tam giac ABC vudng tai B c6 BA = a; BC = b dudng cao bang h.
Chon hé tryc toa d nhu hinh v€ sao cho B(0;0;0)
Khi d6: A(a;0;0);  C(0;b;0); S(a;0;h)

9. V6i hinh chop S.ABC c6 (SAB) L (ABC), A SAB cén tai S va A ABC vuong tai C
Az

S

e

AABC vudng tai C voi CA=a; CB=bva chiéu cao b?mg h
H 1a trung diém cua AB

Chon hé tryc toa d¢ nhu hinh v€ sao cho C(0;0;0)

Khi d6: A(a; 0; 0); B (0; b;0); S(a/2; b/2; h)

10. V6i hinh chép S.ABC ¢6 (SAB) L (ABC), A SAB cén tai S va A ABC vuéng tai A

114
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Z z
A
S s
v
A C ., 3
H
B x
a) b}
hinh a)

AABC vuédng tai A: AB =a; AC =b va chiéu cao bang h
H Ia trung diém cua AB

Chon hé tryc toa d¢ nhu hinh v€ sao cho A(0;0;0)

Khi d6: B(a;0;0); C(0;b;0); S(0; a/2; h)

hinh b)

Tam giac ABC vudng can tai C c6

CA = CB = a dudng cao bang h.

H 14 trung diém cua AB

Chon hé truc toa d¢ nhu hinh v€ sao cho H(0;0;0)

e A A a o~ .
Khi do: A(O,\/E,O), B(0, \/5,0), C(ﬁ,0,0) S(0;0: h)

11.Hinh lang tru c¢6 day la tam giac vuong tai O

I

X

Buéc 2: Sir dung cac kién thirc vé toa d6 dé giai quyét bai todn:

Cac dang ciu héi thuwong gap
1.khoang cach giira 2 diém : (y phu)
<> Khoang cach gitra hai diém A(xa;Ya;za) va B(Xs;ys;zs) la:

AB = \/(XB _XA)2 +(Ys— yA)2 +(25 - ZA)2

2.khoéng cach tir diém dén doan thftr}g:
< Khoang cach tir M dén duong thang (d)

Cach 1:(d diqua Mocovtcp U)
(MM, u]]

ol(M,A):T
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Céch 2: Phuong

phap :

=  Lap ptmp(« )di qua M vavudng gocvéi (d)
= Tim toa d6 giao diém H cua mp(« ) va d

= d(M, d) =MH

3. Khoang cach tir diém dén mit pl’n:lng 7
< Khoang cach tir Mo(Xo;Y0;Z0) dén mat phang (a): Ax+By+Cz+D=0 cho bdi congthire
Ax,+By,+Cz,+D
d (M o C{) — | 0 yO 0 |

VA’ +B?+C°
4.khoang cach giira 2 mit phang //:

Dinh nghia: Khoang cach gitra hai mat phang song song 1a khoang cach tir mot diém bat ki
cua mat phang nay dén mat phang kia.
5.khoang cich giira 2 dwong thiang
A, Khoang céch gitra hai duong chéo nhau
<> Céch 1: (d) diqua M(xo;Yo;20);c0Vicp a=(a,;a,;a,)
(d’)quaM’(x’0;y’0;2°0)
‘[a a] MM ‘

hop

d(d,d") =

< Céch 2:
d diqua M(xo;y0;Zo);c0 vtcp a=(a,;a,;a,)
d’quaM’(x’0;y’0;2’0) ; vtcpg =(a';a'y;a’)

Phuong phap :
= Lap ptmp(«a )chura d va songsong voi d’
d(d,d’)=d(M’,(«))

PAC BIET: Tinh khoang cach giita hai duong thang AB, CD khi biét toa d6 cua

[ 48.cBAC
[6.c0]

B. khoang cach giira 2 dwong thing //:

-Khoang cach gitra 2 duong thang // bang khoang cach tir 1 diém bt ki thudc dudng thang nay dén duong
thang kia => quay vé dang toan khoang cach tir 1 diém dén duong thang ©

chingd(AB,CD) =

6. goc giira 2 duong thang
& Gobc gitra hai dudng thing

(A) di qua M(x0yo;zo) ¢6 VTCP a=(a,;a,;a,)
(A%) di qua M(x’0;y°0;2%0) 6 VTCP @' =(a';a’,;a’;)
‘ la,a'+a,a’,+a,.a%)|

‘a‘ ‘a ‘ \/al +al+a \/a'2+a v+a”

7.g6c giira 2 mit phing i

< Goig 1a gbc gifta hai mit phang (0°<p<90°)
(P):Ax+By+Cz+D=0 va (Q):A’x+B’y+C’z+D’=0

\n |/AA'+BB'+CC
n HnQ\ JA2 +B? +C? A%+ B24C?
8.goc giira dwong thing va mit phiang

CoSp = ‘cos(é, E‘)‘

CoSp= cos(np, nQ)‘
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(A) di qua Mocé VTCP a, mp(a) c6 VTPT n=(A B;C)
Goi ¢ 1a goc hop bdi (A) va mp(a)
|Aa, +Ba, +Ca,|

‘: \/A2+BZ+C2.\/a12 +a+al

sing = ‘cos(é, n)

9. dién tich thiét di¢n
<> Dién tich tam gidc : S, = %‘[ﬁ E]‘

<> Dién tich hinh binh hanh: Sascp-= ‘[ﬁ, ﬁ].‘

10.thé tich khéi da dién

- Thétich chop: Vchop = %Sday.h Hoac VABCD:%‘[E, E].A—Ij‘ (néu biét hét toa d6 cac dinh)

- Thé tich khéi hop:
VABCcDA'B'C'D’ = ‘[ﬁ, ﬁ]ﬁ\

MOT SO KIEN THUC HINH HQC BO XUNG

1. Déu hié¢u nhian biét cac hinh:

1): Ddu hiéu nhdn biét hinh thang, hinh thang vuéng, hinh thang can:
- T giac co hai canh déi song song.

- Hinh thang c6 mot goc vudng la hinh thang vudng

- Hinh thang c6 hai goc ké mot day la hinh thang can

- Hinh thang cé hai canh bén bang nhau la hinh thang can

- Hinh thang c6 hai duong chéo bang nhau la hinh thang can

2): Ddu hiéu nhdn biét hinh binh hanh (Cé 5 ddu higu nhan biét):
- T giac co cac cap canh dbi song song

- Tt giac co cac cap canh dbi bang nhau

- T giac co hai canh ddi song song va bang nhau

- T giac co cac goc ddi bang nhau

- Tt gi4c ¢ hai dudng chéo cét nhau tai trung diém ma duo ng.

3): Hinh ché nht (co 4 ddu higu nhdn biét):
- Tr giac ¢o 3 goc vudng

- Hinh thang can co mot gocvudng

- Hinh binh hanh c6 mot goc vuéng

- Hinh binh hanh ¢ hai duong chéo bang nhau

4): Hinh thoi (cé 4 ddu hiéu nhdn biét):

- Tt giac ¢ 4 canh bang nhau

- Hinh binh hanh c4 hai canh ké bang nhau

- Hinh binh hanh ¢6 hai duong chéo vudng goc nhau

- Hinh binh hanh c6 1 duong chéo la duong phéan giac cua 1 goc.

5): Hinh vudng (ce 5 ddu higu nhan biét):

- Hinh chir nhat cé hai canh ké bing nhau

- Hinh chtr nhat co hai duong chéo vubng goc

- Hinh chir nhat c6 duwong chéo la duong phan giac cua mot goc
- Hinh thoi co mot goc vudng

- Hinh thoi ¢6 hai dwong chéo bang nhau.

I1: Bai tap van dung:
Dang 1: Hinh l14p phwong hodc hinh h¢p chir nhat ABCD.A’B’C’D’
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