BAI GIANG ON THI VAO PAI HOC BAI TOAN KHOANG CACH TRONG HINH HQC KHONG GIAN

BAl TOAN KHOANG CACH TRONG HINH HQC KHONG GIAN

Loai 1. Khoang cach tir diém dén mat phiang, mét dwong thang

A. Tom tit ly thuyét
1. Pinh nghia: Khoang cach tir mot diém dén mit phang (hoic duong thang) bang khoang céch

tir diém do tai hinh chiéu vudng goc cua né 1én mat phing (hoic duong thang).

M

/ n / H

P A

Khoang cach tir diém M t6i mat phing (P) duoc | Khoang cach tir diém M t6i duong thing
H 1a hinh chiéu vudng géc cua M Ién A
thi

H 1a hinh chiéu vudng g6c cia M Ién (P) thi

d(Mm;(P))=MH d(M;A)=MH.

2. Bai toan co ban: Nhiéu bai toan tinh khoang céch tu diém téi mat phang, tir diém téi duong
thang c6 thé quy v& bai toan co ban sau
Bai toan: Cho hinh chép S.ABC c6 SA vudng goc véi day. Tinh khoang cach tir diém A dén
mat phing (SBC) va khoang cach tir diém S dén duong thang BC.

Céch giai
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BAI GIANG ON THI VAO PAI HOC BAI TOAN KHOANG CACH TRONG HINH HQC KHONG GIAN

S Goi D 1a chan duong vudng goc ha tir A xuéng BC, H la chan
duong vudng goc ha tir A xudng SD. Ta cd

+) SAL(ABC) = BCLSA, lai c6 BCLAD (do dung) =

BCL(SAD) = SD LBC = d(S;BC)=SD.

+) Tir chimg minh trén, d4 c6 BCL(SAD) = AHLBC, lai

c6 AH_LSD (do v&) = AH L(SBC) = d(A;(SBC))=AH

3. Mt s6 hru y
* \/é c4ch tinh khoang cach mét céach gian tiép
+) MN[[(P) = d(M;(P))=d(N;(P)).

. |\/|,Ne(Q):> o
{(Q)u(p) d(M;(P))=d(N:(P)).

HMNA(P)=1 = d(MN;I(IP)) _ d(Mr\;l(lQ)) .

Trudng hop dac bict: | 1a trung diém cia MN = d(M;(P))=d(N;(P)).
+) MNJIA = d(M;A)=d(N;A).

HMNAA=] = dMa) _dM:A)

Truong hop dac biét: | 1a trung diém cia MN = d(M;A)=d(N;A).
* \/¢& cach sir dung thé tich dé tinh khoang céach tir diém dén mit phing: Cho hinh chop

S.A1A, . A, . Taco

3Vs A1A5..Ap
SA1AS.A,

d[S.(A1Az..Ap)]=
* Khoang cach tir mgt dwong thing téi mit phing song song véi né: Cho Al|(P), M Ia mot
diém bat ky trén A . Khi d6

a(as(P) =(Mi(?).
* Khoang cach gifra hai mit phing song song: Cho (P)[[(Q), M Ia mot diém bat ky trén

(P). Khido
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d((P):(Q))=d(M:(Q)).

B. Mot s6 vi du

Vi du 1. [DHD03] Cho hai mat phang (P) va (Q) vudng goc véi nhau, cit nhau theo giao
tuyén A. Ly A, B thuoc A va dit AB=a. Lay C, D lan luot thuoc (P) va (Q) sao cho
AC, BD vudng goc véi A va AC=BD=a. Tinh khoang cach tir A dén mit phing phing
(BCD).

Giai

Ta c6 (P)L(Q), (P)n(Q)=A, ACc(P),

ACLA = ACL(Q) = BDLAC. Laicé

BD L AB = BD_L(ABC) (1).

Goi H la chan duong vuéng goc ha tor A

xudng BC. Vi AABC vudng can tai A nén

AH 1 BC va AH =8 =22,
Tur (1) suy ra AH L BD = AH L(BCD). Do d6 H la chan dwong vudng géc ha trr A Ién
(BCD) = d(A;(BCD))=AH =22,
Vi du 2. [DPHD12] Cho hinh hop dttng ABCD.A'B'C'D" c6 day la hinh vudng, tam giac A'AC
vudng can, A'C =a. Tinh khoang cach tir diém A dén mat phiang (BCD') theo a.

Giai
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D A
AA'AC vuong can (tai A ) nén
I a/2
AC = AA'=2C = a2 . AABC vung can (tai B) nén
C . B ’
SR a2 s
N AB=-Z=a.
\\\ I \\\\\\Za H
| Ha AH LA'B (HeA'B) .Ta c6 BC L ABB'A' =
5)',_ I R\ o AHLBC . ki c6 AHLAB (do dmg) =
/ )
, AH 1 (BCD").
/
oL
C' B'

AH la dudng cao cia tam giac vudng ABA' = L=l 4L =141 -3 — AH=2p
Vay d(A;BCD')= AH = AH = 2%
Vidu3.Cho hinh chép S.ABC c¢6 SA=3a va SAL(ABC) . Gia st AB=BC=2a,
ABC =120°. Tim khoang céch tir A dén mit phing (SBC).

Giai
Dyng AD L BC (DeBC)va AH 1 SD (H eSD).
That vay, tir gia thiét ta c6 CD L SA, lai ¢c6 CD L AD
(do dung) = CDL(SAD) = AHLCD, ma
AH 1SD = AH L(SCD) = H la chan duong

vudng goc ha tir A lén (SBC).

Taco AD = ABsin ABD = 2asin 60° = a\/§.

L . . - . on: =L 4y 1 1 .1 _ 4
AH la duong cao cua tam giac SAD vudng tai A nén: — - =-o+-— =L+ =%

= AH =3 .Vay d(A;SBC)=AH =32,
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Vi du 4. [DHD11] Cho hinh chop S.ABC co6 day la tam giac vuong tai B, BA=3a, BC =4a;
mat phing (SBC) vudng goc voi mat phing (ABC). Biét SB=2a+/3 va SBC =30°. Tinh
khoang cach tir diém B dén mit phang (SAC) theo a.

Giai
Ha SK LBC ( KeBC ). Vi (SBC)L(ABC) nén
SK L (ABC).
Taco BK = SBcosSBC = 2a+/3.2=3a

= KC=BC-BK =4a-3a=a.

Do d6 néu ky hiéu d,, d, lan luot la cac khoang cach tir

céc diém B, K t6i (SAC) thi -=£ =4, hay d, = 4d,.

Ha KD LAC (DeAC), ha KH LSD (H eSD). Tr SK L(ABC) = AC LSK, laico
AC L KD (do dyng) = AC L(SKD) = KH LAC,ma KH L SD (do dung) =
KH L(SAC) = d,=KH.

Tir AADK ~ AABA suyra: <=0k — DK —BACK _3aa_ 2

CA 5a 5

(CA=+/BA? +BC? = /(3a) +(4a)’ =5a).

KS =SB.sinSBC =a+/3. KH 1a duong cao cua tam giac vudng SKD nén:

1 1 1 25 1 28 3ay7
=Lt L=y 1% o KY =3
KH?  KD? = KS? 9a® 3a® 9a% = 14

Vay d(B;(SAC))=d, =4d, = 4KH = &/
Vi dy 5. [DHB11] Cho ling try ABCD.ABC,D, c6 day ABCD Ia hinh chir nhat, AB=a,
AD = a+/3 .. Hinh chiéu vudng géc cua diém A 1én mat phang (ABCD) trung véi giao diém cua
AC va BD. Tinh khoang cach tir diém B, dén mat phiang (ABD) theo a.

Giai
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bit |=ACNBD . Tu gia thiét suy ra
Al L(ABCD).

Pit J=BANAB = J la trung diém cia

BA , dong thoi J=BAN(ABD) =
d(By;:(ABD))=d(A|(ABD)).

Goi H la chan duong vubng goc ha tor A
xudng BD. Tir Al L(ABCD) = AH LAH
, lai c6 AHLBD (do dung) =
AH L(ABD) = d(A;(ABD))=AH.

AH la duong cao cua tam giac ABD vudng tai A nén

L=Ll4+ =14+ Ll=4 — AH =¥ = d(A;(AlBD)):ﬁ.

AHZ ~ aB2 ' AD?  a? 3a?  3a?

Vi du 6. Cho hinh chop S.ABC c6 day la tam giac vudng can tai B va AC=2a. SA c6 do dai
bing a va vudng goc véi day.
1) Tinh khoang cach tir diém S dén duong thang BC .
2) Goi H 1a chan duong vudng goc ha tir A 1én SB. Tinh khoang céch tir trung diém M cua
AC dén duong thang CH .

Gial

1) Ta c6 SAL(ABC) = BC LSA, ciing tir gia thiét ta c6 BC L AB = BC L (SAB) =

SBLBC. AB=5 =ay2 = SB=+SA?+AB? =va’+2a’ =a/3.
Vay d(S;BC)=SB=av3.

S 2) Goi H 1a chan dudng vudng goc ha tir A 1én SB. O cau trén,
ta d& ching minh BC L (SAB) = AH LBC, lai c6 AH L SB

AH 1 CH.
Lai ldy K 1a trung diém caa CH

= MK song song va bang 1 AH

= MK LCH, MK =1_sa%8 __1 aal2__af

JsAZ; AR? Ja?i2a2
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Vay d(M;CH)=MK =28

C. Bai tap
Bai 1. Cho tu dign OABC c6 OA, OB, OC ddi mot vudng goc voi nhau. Ké OH L (ABC).
1) Chirtng minh: H Ia tryc tdm AABC.
1 1 1
oHZ 0A? o0B? OCZ
Bai 2. [DHD02] Cho t& dign ABCD c6 AD.L(ABC); AC=AD=4cm , AB=3m,

2) Chang minh:

BC=>5cm. Tim khoang c4ch tir A t6i mat phing (BCD).

Bai 3. Cho hinh chop S.ABC c6 SA=SB=SC=a, ASB=120", BSC=60", CSA=90".
Tinh khoang cach tir S dén mat phing (ABC).

Bai 4. Cho tam giac ABC vudng tai A. Canh AB c6 d6 dai bang a va nim trong mit phing
(o). Biét rang canh AC co do dai bang a2 va tao véi mat phing (o) goc 60°, hay tinh
khoang cach tir diém C dén mat phang (a).

Bai 5. Trong mat phang (o) cho géc vuong xOy. M la mot diém nim ngoai (). Biét rang
MO =23 cm va khoang cach tir M dén Ox, Oy cing bang 17 cm . Tinh khoang céch tir diém
M dén mat phang (a).

Bai 6. Cho hinh chop S.ABC c6 SA vubng goc voi day. Biét ring AB=7cm, BC=5cm,
CA=8cm, SA=4cm.

1) Tinh khoang c4ch tr A dén mat phang (SBC)

2) Tinh khoang cach tir cac diém S va A dén duong thang BC.

Bai 7. [PHD07] Cho hinh chép S.ABCD co day 1a hinh thang, ABC=BAD=90° ,
BA=BC=a, AD=2a. Canh SA vudng géc véi diy vi SA=av2 . Goi H Ia hinh chiéu
vubng goc ciia A 1én SB. Tinh khoang cach tir H dén mat phang (SCD) theo a.

Bai 8. [PHD09] Cho hinh lang tru dang ABC.A'B'C" ¢6 day ABC la tam giac vubng tai B,
AB=a, AA'=2a, A'C=3a. Goi M la trung diém cua doan thing A'C', | 1a giao diém cua
AM va A'C. Tinh khoang céch tir diém A dén mat phang (IBC) theo a.
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Bai 9. Cho hinh chdp tam giac déu S.ABC c6 canh day bang 3a, canh bén bang 2a. Goi G la
tdm cia day, M la trung diém cua SC.

1) Tinh khoang c4ch tir diém S dén mat phang (ABC).

2) Tinh khoang céch tir diém M dén mat phing (SAG).

Bai 10. Cho ABC la tam giac vudng can tai B, BA=a. Trén duong thing vudng goc voi mat
phang (ABC) tai A ly diém S sao cho SA=a. Goi I, M theo thu ty 1a trung diém ciia SC,
AB.

1) Tinh khoang c4ch tir diém | dén mat phang (ABC)

2) Tinh khoang cach tir cac diém S va | dén duong thaing CM .
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BAI TOAN KHOANG CACH TRONG HINH HQC KHONG GIAN

Loai 2. Khoang cé4ch giira hai dwong thang chéo nhau. Puwong vubng

goc chung ciia hai dwong thang

A. Tom tit ly thuyét

1

. Pinh nghia: Cho hai duong thang chéo nhau a va b .

Puong thang A cit a, b va vudng goc véi a, b duoc goi la M /

duong vubng goc chung cua a va b .

Néu duong vubng goc chung cit a, b lan luot tai M, N thi K,

d6 dai doan thing MN dugc goi la khoang cach giira hai |\F\

duong thang chéo nhau a va b .

Phwong phap téng quat: Cho hai duong thing
chéo nhau a, b. Goi (@) la mat phang chia b va
song song voi a, a' 1a hinh chiéu vudng géc cua
alén (o). Dat N=a'nb, goi A la duong thiang
qua N va vudng géc véi (a) = A la duong
vudng géc chung ctaavab. bat M =Ana =
khoang cach gita a va b 1a d6 dai duong thing
MN .

Truong hop dic biét: Cho hai duong thiang chéo
nhau va vudng géc véi nhau a, b. Goi (a) la mat
phing chta b va wudbng géc vé6i a . Dit
M =an(a). Goi N la chan duong vudng goc ha
tr M xuéng b = MN Ila dudong vudbng goc
chung cua a, b va khoang céach gitra a, b 1a do
dai doan thang MN .

. Cach tim dwong vudng goc chung ciia hai dwang thang chéo nhau

L

L
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3. Nhan xét: Cho hai duong thang chéo nhau a va b . Cac nhan xét nhau day cho ta cach khac

dé tinh khoang cach giira a va b ngoai cach dung duong vudng goc chung.

e Néu (@) lIa mat phang chira @ va song song véi b thi khoang céch giita hai dudng thang
bang khoang cach giita b va (a).

e Néu (@), (B) la cac dudng thang song song véi nhau, lan luot chira @, b thi khoang cach

gitta hai duong thang bing khoang cach gitta (a) va ().

B. Mot s6 vi du
Vidu 1. [PHDO8] Cho lang tru dung ABC.A'B'C' c¢6 day ABC la tam gidc vudng co
BA=BC =a, canh bén AA'= a2 . Goi M 1a trung diém caa BC. Tinh khoang cach giira hai
duong thang AM va B'C.

Giai

Ldy N 1a trung diém cua BB', ta c6 MN la duong trung binh

cua tam gidc B'BC = B'C|IMN = B'C||(AMN). Do d6

d(B'C;AM)=d(B'C;(AMN))=d(B";(AMN)).

Laico BB' cat (AMN) tai N 1a trung diém ctia BB' nén

d(B%(AMN))=d(B;(AMN)).

Hinh chop B.AMN c6 BA, BM, BN d6i mot vudng géc nén

d?(B;(AMN)) ~ BA? "BMZBN? & &l & &

Vay d(B'C;AM)=¥.

1 11 1 1 4 2 7
2

Vi du 2. [PHA06] Cho hinh lap phuong ABCD.A'B'C'D" ¢6 céc canh bing 1. Goi M, N lan
luot 14 trung diém cua AB va CD. Tinh khoang céch giira hai duong thing A'C va MN .
Giai
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A Tathiy MN|BC = MN|(A'BC)

D
N ¢
c | B = d(A'C;MN)=d(MN;A'BC)=d(M;(A'BC)).
: R Goi H 1a chan duong vudng géc ha tr M xubng A'B. Ta
o | = c6: BCL(ABB'A") = MH LBC, mat khic MH L A'B
p i B
7 (do v& = MH L(A'BC) = H chinh la chan duong
C B' vudng goc ha tir M xudng (A'BC).
MH la canh géc vubng cua tam giac vuébng can HBM = MH :%:¥. Vay
d(A'C;MN)=¥.

Vi du 3. [DPHA04] Cho hinh chép ti gidc S.ABCD co6 day la hinh thoi duong chéo AC =4,
SO =2+/2 va SO wudng géc véi day ABCD, & day O la giao diém cia AC va BD. Goi M 13
trung diém cua SC . Tim khoang céch gitra hai duong thang SA va BM .

Giai

Taco MO la duong trung binh ctia tam giac SAC

= SA[[MO = SAJ|(MBD)
— d(SA;MB)=d(SA;MBD)=d (S;MBD).

SC cit mat phang (MBD) tai trung di€ém M cua SC nén

d(S;(MBD))=d(C;(MBD)).

Goi K 1a chan dudng vudng goc ha tr M xudng SA, dit H =CK n"MO. Tacé SO L (ABCD)
= BD L SO, lai c6 ABCD Ila hinh thoi nén BD L AC = BDL(SAC) = CH L BD (1)
MO||SA, CK LSA = CH LMO (2). T (1) va (2) suy ra H la chan duong vudng géc ha

tr C xuéng (MBD).
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Tir SA=+/SO? + AO? =/8+4 =243, S ,. =L AC.S0=14.2y/2 =42 suyra

CH =1CK =1ZBge 1242 _ 206 vy d(SAMB)=2£.

SA 23
Vi du 4. [DHBO02] Cho hinh lap phuong ABCD.A'B'C'D"' canh a. Tinh theo a khoang cach
giita hai duong thing A'B va B'D.

[N

Giai
D" M Al Léy M, N, P lin luot 1a trung diém céc doan théng A'D’,
LA BC, AD. Ta thiy A'MDP va BNDP la cic hinh binh hanh
c : vy nén MD||A'P, DN ||PB = (MDNB')||(A'PB). Do d6
A
|/ d(A'B;B'D)=d((A'PB);(MDNB'))=d(D;(A'PB)).
i, L),
S Lai ¢c6 AD cét (A'PB) tai trung diém P cia AD =
4 \\// \\\
c N = B d(D;(A'PB))=d(A;(A'PB)).

Hinh chép A.A'PB c6 AA', AP, AB d6i mdt vubng goc nén
L=l 4Ly L-1l,4,4-9 - d(A(APB))=4%.

d’(A(A'PB)) ~ AA? T AP T AB?  a® &’ a® @’

Vay d(A'B;B'D)=2.
Vi du 5. Cho t& dién déu ABCD c6 do dai cac canh bang 62 cm. Hay xac dinh dudng vudng

g6c chung va tinh khoang céch gitra hai duong thang AB va CD.
Giai

A Goi M, N lan luot la trung diém céc canh AB, CD. Ta co

ACD va BCD Ia cac tam giac déu nén CD vudng goc véi
AN va BN = CD L MN.

Laic6 AN = AN =36 suyra AB_L MN va

N MN =vAN? - AM? =64 -18 =6 (cm).

C

Vay MN la duong vudng goc chung caa AB, CD va khoang céch gitra chung 1a MN =6 cm .
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Vi du 6. Cho hinh chép S.ABC c6 day ABC la tam giac vuodng tai B, AB=a, BC =2a, canh

SA vubng goc vai day va SA=2a. Hay xac dinh duong vudng goéc chung va tinh khoang cach

giita hai duong thing AB va SC.
Giai

L4y diém D sao cho ABCD Ia hinh chit nhat =
AB||(SCD).

Goi E 1a chan duong vudng goc ha tir A xudng
SD. Tathidy ABCD Ila hinh chit nhat nén
CDLAD, laicéd SAL(ABC) = CDLSA =

CDL(SCD) = AE LCD (1). Mt khac

AE L SD (do dung) (2). Tur (1) va (2) suyra

AE L (SCD) = E lahinh chiéu vudng goc cua

A Ién (SCD).

Duong thang qua E song song véi CD chinh Ia hinh chiéu vudng goc ciia AB 1én (SCD).
Puong thang nay cat SC tai N . Puong thing qua N song song voi AE cit AB tai M =
MN 1a duong vudng goc chung can tim.Tam gidc SCD can tai A nén E la trung diém cua SD

= N latrung diémcua SD. AM =EN =S =2 — M Ia trung diém cua AB.

0 _ 47,

Vay khoang céch giira hai duong thang AB, CD la MN = AE =

<

C. Bai tap

Bai 1. [PHB0O7NC] Cho hinh chép ti gidc déu S.ABCD c6 ddy 1a hinh vudng canh a . Goi E la
diém d6i xang véi D qua trung diém cua SA, M 1a trung diém cia AE, N 1a trung diém cua
BC. Chung minh MN vudng goc voi BD va tinh (theo a ) khoang cach giira hai dudng thing
MN va AC.

Bai 2. [DPHA11] Cho hinh chép S.ABC c6 day la tam giac vuong can tai B, AB = BC = 2a; hai
mit (SAB) va (SAC) ciing vudng goc véi mat phang (ABC). Goi M la trung diém ciia AB;
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mdt phang qua SM song song véi BC, cit AC tai N . Biét goc gitra hai mat phing (SBC) va

(ABC) bing 60°. Tinh khoang céch giita hai duong thing AB va SN theo a.

Bai 3. [PHA10] Cho hinh chdp S.ABCD c6 day 1a hinh vudng canh a . Goi M va N lan luot la
trung diém cua AB va AD; H 1a giao diém cia CN va DM. Biét SH vudng géc véi mat
phing (ABCD) va SH =a+/3. Tinh khoang céch giita hai duong thing DM va SC theo a .
Bai 4. [PHA12] Cho hinh chép S.ABC c6 day la tam giac déu canh a, hinh chiéu vuéng géc
ciia S 1én mt phang (ABC) la diém H thuoc canh AB sao cho HA = 2HB. Gdc giita dudng

thang SC va mat (ABC) bing 60°. Tinh khoang cach giita hai duong thang SA va BC theo
a.

Bai 5. Cho hinh chép S.ABCD c6 day la hinh vudng canh a, SA=h va SA vudng goc Véi
day. Hay xéac dinh dudng vudng goéc chung va tinh khoang cach giita hai duong thing SC va
AB.

Bai 6. Trong mit phang (P) cho duong tron dwong kinh AB=2R, C Ia mdt diém chay trén
dudng tron d6. Trén duong thang di qua A va vudng goc véi (P) lay S sao cho SA=a<2R.
Goi E va F lan luot 1a trung diém cua AC va SB. Xac dinh vi tri cia C trén duong tron sao
cho EF la dwong vudng géc chung cia AC va SB.

Bai 7. Cho tu dién ABCD ¢6 AC=AD=BC=BD=a, AB=2m,CD=2n. Goi I, K lan
luot 1a trung diém cua AB va CD.

1) Chuang minh rang 1K 1a dwdng vudng goc chung cua hai canh AB va CD.

2) Tinh d6 dai IK theo a, m va n.
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